MiscellaneousExercise
Q1. Evaluate:

27
Al i +[%]

. 1
= |4X4+2 + i4><6+l
3
= —1+Tll [asi**2= _Tand i*+1 = ]
i
i 3
= _1+i_2]
=[1-iP [asi?=-1]
= (1P +i)y
= 1[13+B+3x1xi(1l+i)] [since, (a + b)®=a%+ b® + 3ab(a + b)]

=—1[1—i®+3i(1 +i)]
=-1[1-i®+3i+3i%
=—1[1-i+3i-3] [Since, i?= -1 and i = iZi = ]



Q2.

A2,

Q3.

A3

_ 33431 28-+10i
28—10i  28+10i

=-1[-2+2i]

=2-2i

For any two complex numbers ziand zz, prove that
Re (z122) = Re z2Re 22— Imz1 Imz2

To proof, Re (z122) = Re z1 Re 2, — Imz; Imz;

Let z; = X3 + iy1 and z2 = x2 + 1y, be two complex number.
Then, z1.22 = (X1 + iy1) (X2 + iy2)

=X1X2 + X1y + IXoy1 + i2y1yz

= X1Xz + iX1y2 + iXaY1 — Yy [since, i =-1]
= (XaXa — Yay2) + i(Xay2 + Xay1)

As, Re(2122) = (X1)(x2) — (Y1)(Y2)

Now, RHS = Re z1 Re z; — Imz1lmzz = X1X2 — Y1y2
Therefore, Re(z1z2) = ReziRez; — Imzilmz,

Hence proved.

Reduce[ ! p— 2_][3_4_']tothestandardform.
1—4i 1+i

541
1 2 ][3—4i]
1—4i 14i)(5+i

1+i—21—4i \3—4i}
1—4i 1+i 5+i
1+i—2+8i ][3—4i]
1+i—4i—4i* )| 5+i

=il
5-3i)( 5+i
9i—1 3—4i
5-3i 5+i
27i —36i* — 3+ 4i

25+ 5i —15i - 3i?
[since, i?=-1]

33431
28 —10i

33x28 + 33x10i + 31ix28 + 31i x10i

= [since (a—b)(a + b) = a? - b?]

282 _ 10i °

924 + 330i + 868i + 310i?
784 —100i°
924 +1198i — 310

= [since, i? =-1]

784 +100

[multiplying denominator and numerator by 28 + 10i]



_ 61441198

884
_ 2 307 4599i
884
_ 307 +599i
442
_ 307 , .599
= — 4+ |—
442 442
a—ib 2, @t 4D’
4. If rove that x* +y° =———.
° c—id " ERranrE
Ad4.  Given, x—iy= a__lb
c—id
a—ib c+id . . )
= ,|[————  [multiply denominator and numerator by (c + id)]
c—id c+id

. 2
c’— id

ac+bd +i ad —hc
¢’ +d?

:\/achiad—ibc—izbd [since (a_ b)(a+b) = a? b7]
:\/ [since i =-1]

_ Jac+bd +i ad —bc
¢’ +d? c? +d?

. Jac+bd i ad—bc
So, x+1iy= c2+d2_ 7

Here, X2 + y? = (X + iy)(x — iy)
(¢ +y?)? = (X + iy)(x — iy)?
ac+bd iad-—bc ||lac+bd i ad-—bc
P e’ df cz+d2+ c® +d?

_[ac+bd —i ad—bc || ac+bd +i ad —hc |
3 ¢’ +d* ¢’ +d?

ac+bd °—i> ad—bc®
= [since a? — b? = (a + b)(a - b)]

(02+d2)2
ac+bd *+ ad —bc L
= & 1d7) [since i =-1]
_ a’c? +b’d? +2.achd +a’d?® +b%*c? —2.ad bc since a+b’=a>+b’+2ab
(c*+d?)? a—b’=a?+b?—2ab

_ a’c? +b*d? +a%d? +b%c?
(CZ _J’_d2)2




a? ¢?+d? +b® c®+d?

c24d?’

a’+b® c*+d?

) 2 4d?’
_at4b’
T
Hence proved.
Q5.  Convert the following in the polar form:
M i
2-1) 1-2i
A5 i
1+7i
2-i)’
_ 14+7i
1+7i
4+i%—4i
S L ol ~ [since, i* =-1]
4-1-4i
_ 147
S 3—4i
= 1+7! s 3+4'_ [multiply denominator and numerator by (3 + 4i)]
3—4i x 3+4i
_ 3+4i+21i +28i°
3 4i°
_ 3+25i—28
~ 9+16
_ —25+25i
2N
25 —1+i
- 25
=_1+i
Let,rcos® =-landrsing =1

Given, z =

[since, (a—b)(a + b) = a? — b?]

[since, i* =-1]

Squaring and adding both sides we get,
r2 (cos?® +sin?%) = (L1)2+ 12
=>r2 =2 (since cos?® +sin2® = 1)

=>r=./2 (asr>0,r+ —/2)



-1 . 1
So,cos® = — andsin® = —
V2 J2

As, 0 lies in 2" quadrant

e =T _E = 3_TE
4 4
Hence, polar form of 1+ 7'2 is given by
2—i

r(cos® +ising )= 2

el

1+3i
1-2i
143i x 142i
1-2i x 1+2i

Given, z =

_1+2i+3i+6i°
S 2 i?
_145i—-6
T 144
_ —545i
-5
5 —1+i
=
=_1+i
Let,rcos® =-landrsin® =1

Squaring and adding both sides we get,
r2 (cos?® +sin?®) = (~1)2+ 12

[since,i? = -1]

= 0 (since cos?® +sin2® = 1)
=>r= 42 (asr>0,r+ —/2)
-1 . 1
So,c0s0 = — andsind = —
J2 J2
As, 0 lies in 2" quadrant
4 4

Hence, polar form of % is given by

[375] .. [375]
COS|— |+ 1SIn|—
4 4

r(cos® +isind )= 2




Solve each of the equation in Exercises 6 to 9.
Q6. 32— 4x+ 2—3? =0

Ab. 3 —4x+ 2—3? =0
Multiplying the above equation by 3, we get
9x* —12x +20=0
and Comparing with ax> + bx + ¢ =0
We have,a=9,b=-12and c =20
Hence, discriminant of the equation is
b? —4ac = (-12)? — 4 x 9x 20 = 144 — 720 = -576
Therefore, the solution of the quadratic equation is

—b++/b* —4ac
2a
e ¥ ++/—576
2.9
- 124-/576i [since\/—_ _ I]
18
_ 12424
18
_ 6 2+t4i
18
_ 2440
3
2 4.
= — + —j
3 3
) 2
Q7. Xe—2X + E =0
2 3 _
A.7. W — s E =0

Multiplying the above equation by 2, we get

2x* —4x +3=0

and Comparing with ax? + bx + ¢ =0

We have,a=2,b=-4andc=3

Hence, discriminant of the equation is

b? —4ac=(-4)>-4x2x3=16-24=-8
Therefore, the solution of the quadratic equation is

—b++/b% —4ac
2a
_— 4 48

2.2




Q8.

AS8.

Qo.

A.9.

44+8i

=&

1
ENGIN
1+

S

1
-
I+

=1

I+

MISEN

27x>-10x+1=0
27x2-10x+1=0
Comparing the given equation with ax? + bx + ¢ =0
We have,a=27,b=-10 andc =1
Hence, discriminant of the equation is
b? —4ac = (—10)2 -4 x 27 x1=100-108 = -8
Therefore, the solution of the quadratic equation is

—b++b*—4ac _— —10 £v-8

[sincev—1 =]

2a

104 +/8i
2% 27

2x27

[sincev—1 =]

_10+242i
2x27

2 54+4/2i
2x27

5++/2i

27

27 7

_5, J2.

21x>—28x+10=0
21x2 - 28x+10=0
Comparing the given equation with ax? + bx + ¢ =0
We have, a=21,b=-28 andc =10

Hence, discriminant of the equation is
b? —4ac =(—28)? -4 x 21 x 10 =784 — 840 = -56
Therefore, the solution of the quadratic equation is

b+’ —dac — —28 £4/-56
2a - 2x21
_ 28++/56i
- 2x21
28-+2/14i

2x21

[since/—1 =]



2 14+/14i
T 2x21

_ 14414
21

_14 +\ﬂZ.

21 21

N
S

2
== %
3

Q10. Ifzi=2—-i,22=1+i,find 4, +17, +1‘

z,—12,+1

A10. z1=2—i ,22=1+i
z,+272,+1
z,—2,+1

2—i+1+i+1
2—i—-1-i+1
=
2—2i
4
21—i
:
li

2 i . . .
1 X % [multiply numerator and denominator by (1 + i)]
- [

2+ 2i
12 —i?

2+2i‘

since, i?=-1
W [ ]

3 ‘ﬂ‘
1+1
2 1+i
2
=1+
N [as x+ iy = X +y? ]
2




-\2 X2+1 2
Q11. Ifa+ib=(xj|) ,provethataz+bz=(—)2.
2x" +1 (2x2+1)

A.1ll. Let,z=a+ib

X+ ?
2x% +1
2 :2 H
= X2 rdince, (a+ by = a? + b? + 2ab]
2x° +1
2 _ -
= w [since, 2= -1]
2x° +1
X1 i2x
2x°+1  2x* +1
So, |z]> = a% + b?

2 2
xX° =1 (2x)2
2 + 2
2x2 +1 2x2 +1

X2 ° 412 214 4 _
= - [since, (a + b)? = a% + b? + 2ab]
2x* +1

Xt 41— 2x% +4x°
X% 4+1°

xt+2x% +1
2%t 4+1°
X2 4+1°
=— [as, (a + b)? = a2 + b? + 2ab]
2x° +1
Hence proved.
Q12. Letzni=2-i,22=-2+1i. Find

. 7z " 1
(1) RE(Z_lJ (i) IM(zlzJ

A.12. 21=2—i,22=—2+i
Zi2,= (2—i)(-2 + i)

=4+2i+2i-i2
= 4+4i+1 [since, i? = 1]
= 3+ 4i

7, =2 +i

2z, _ —344i

Z, 2+i



= _3_—:_4' X ? [multiply denominator and numerator by (2 —i)]
i —i
—6+ 3i +8i — 4i*
22 —i?
= M [since, i2= -1]
4— -1
—6+4+11
441

—2+11i

= [since, i? = 1]

l+0i
5

Therefore, Im

i_]zo
lel
Q13. Find the modulus and argument of the complex number?—g;.
i9r 2i
1-3i
1-3i 1+3i
_ 1+43i+2i+6i°
S 12— (i)
_ 1+5i+6i°
T
_1-6+5i
149
_ —545i
~ 10

A.13. Given,z=

[multiplying denominator and numerator by (1 + 3i)]

[since, i? = -1]




-1 1.
o+ I

2 2

Let, rcosd = _—1 andrsing = 1
2 2

Squaring and adding both sides we get,

: —1) (1)
r? (cos?® +sin20) = [—] [—]
( ) > T3

=>r2= - + % (since cos?9 +sin20 =1)

:>|‘2 =

B NN

:>r2 =

(@asr>0,r+ —i)

NA

=>r =

- §||H N |-

S0, —c0s0 = _—1 and i sing =
2 V2
=>C0s0 = _—ﬁ and sinf = ﬁ
2 2
and sin® = @
242 24
-2 $ 2
=>C0s0 = —= andsin® = —
242 2.2
=>c0s0 = _—1 andsing = i

N )

As, 0 lies in 2" quadrant

N |-

&

=>C0s0 = —

e:n_zzs_n
4 4

Hence, modules and argument of complex number 1+ g' is % and 3_n

4

Q14. Find the real numbers x and y if (x — iy) (3 + 5i) is the conjugate of —6 — 24i.
Al4. Letz=(x—iy)(3+5i)
= 3x + 5xi — 3yi — 5yi®
= (3x + 5y) + (5x — 3y)i
Given, 7 = -6 —24i
=> (3x + 5y) — (bx — 3y)i =—6 — 24i



Equating real and imaginary part,

3X+5y=-6 e (1)

5x-3y=24 (2)

Multiplying (1) by 3 and (2) by 5 and adding them, we get
Ox + 15y + 25x — 15y =18 + 120

=> 34x =102

=>x =102/34 =3

Putting x = 3 in (1) we get,

3x3+5y=-6

=>9+by=-6

=>5y=-6-9

=> 5y =-15

=>y =-15/5=-3

Hence, the values of x and y are 3 and —3 respectively.

Q15. Find the modulus ofl—Jr_I — 1;| .
1-i 1+i
A.15. ﬂ - E
1-1 141
1+i°—1-i’
1—i 1+i

Pt 200 - P 4i? 2.0
B i
(a—Db)?=a?+ b* - 2ab;
a’?-b?=(a+hb)(a-h)]
1-142i—1+1+2i
- 1+1

[Since, (a + b)? = a + b? + 2ab;

[Since, i? = -1]

(CIES

Hence,|1i! —1——!|= \/2_2 =2
1—-1  1+i

Q16. If (x +iy)s=u + iv, then show that% +§: 4 x> —y* .

Al16. (x+iyyP=u+iv
=>x3 + (iy)® + 3.x.iy(x + iy) =u +iv [since, (a + b)® = a®+ b® + 3ab(a + b)]
=>x3 —iy® + 3x%yi + 3xyit=u +iv
=>x3 —iy® + 3x%yi - 3xy? =u + iv [since, i? = -1]
=> (X3 - 3xy?) +i(3xy —y®) =u +iv
Equating real and imaginary part we get,
u=x-3xy?andv = 3x% —y*
u

Now,—+X
Xy



x® — 3xy? . 33X’y —y°

X y
_x X =3y? y 3x* —y?
= . + ;
= X2 3y + 3x2 - y?
= 4x2 — 4y?
=4(x*-y?)

Hence proved.

Q17. If o.and B are different complex numbers with|p| =1then find

B—a‘
Al7. Let,a =a+ib
B =c+id
Given, |B|=1
=>,/c?+d? =1
=>c2+d?=1 e Q)
By question,
|B—a = c+id — a+ib
1-ap 1- a—ib c+id
_ c+id—a—ib
1— ac+iad —ibc —i’bd

c—a +id-=b

I acbd i ad be]

[since, i? = 1]

c—a +id-b

= bl a0

) c—a +id—b |
“"1—ac—bd +i bc—ad

We know that |i | = m , hence,
ZRNA

lg_al_ \/c—a2+d—b2
1-ap \/1—ac—bd L bc—ad’

_ Je? +a? —2ac +d2 +b? —2db
J1+a’c? +b%d? —2ac + 2abcd — 2bd +b’c? +a’d? —2abed
[since, (a —b)?= a2+ b?-2ab; (a— b —c)?=a?+b?+c?—2ab + 2bc — 2ca]

\/ c®+d? +a®+b?>—2ac—2db

\/1+a2 c?+d? +b® d*+c* —2ac—2bd



_ J1+a’ +b? —2ac —2db
J14a? +b? —2ac — 2bd

=1

Pa |-y

1-af

Q18.  Find the number of non-zero integral solutions of the equation|l —i|* = 2*.

Al8. [1-if=2"

=>(f1+ 1) =2

[since, (c? + d?) = 1, from (1)]

Therefore, |

=> \/E " =
= 2X/2:2X
So,5=2x

2
=>X = 2X
=2x-x=0
=>x=0

So, the only solution of the given equation is 0.

Hence, there is no non — zero integral solution of the given equation.
Q19. If(a+ib) (c+id) (e +if) (g +ih) = A +iB, then show that(a?+ b?) (c?+ d?) (e?+ f?) (g*+ h?) =
A%+ B?
A.19. Given,

(a+ib)(c+id)(e+if)(g+ih)=A+iB

We know that,

|2,z,| =17 ||z,| hence we can write

|A +iB| =a + ib||c + id||e + if||g + ih]|

= /Az 1 B? = \/az +b2\/C2 Jrdz\/ez % fz\/gz +h?
Hence proved.

Q20. If[?] =1, then find the least positive integral value of m.
—i

A.20. We have,
[1+_|] -
11
=> ?x 1—1'] =1 [multiply denominator and numerator of LHS by (1 + i)]
—i [
C(1+i+iriz)" . o o
=> e =1 [since, (a—b)(a + b) = a? — b?]
—[1t+2 _1] =1 [since, i? = 1]
1+1




=>[2_‘]m -1

2
=i"=1
=>j" = j% [since, i* = 1]

So, m = 4k where k = integer

Therefore, least positive integral value of m is,
m=4x1
m=4



