Miscellaneous Exercise

QL. Find a, b and n in the expansion of (a + b)"if the first three terms of the expansion are 729, 7290
and 30375, respectively.

A.l.  The general term of the expansion (a + b)" is given by
Tr +1 = nCranirbr
So, T; ="Cea" = a"

! nx n-11
T,="Cia"b= — " —a™b=—— —a"p=na*ip
Un-1! n—1!
Ty = "Coa™h? = n! nope = N1 N —1xn-2! a™2p? = nn-1 a™2p?
21n—-21! 2x1x n—21
Given,
T = 729
=>a" =729 = e (1)
T,=7290
=>na* b =7290  ------------- 2)
T3 =30375
nn-1
=> 5 a"?h? = 30375 ---m-mmmmmmmmeeeee (3)
Dividing equation (2) by (1) we get,
na"'b _ 7290
a" 729
=>n—b =10
a

Similarly dividing equation (3) by (2) we get,



nn-1 a2 = nal 1 = 30375

2 7290
s nn-1 " 2h?x 1 _ 30375
2 na"'h 7290
—on N1 a™ b x 1_1 _ 30375 2
na"b 7290
n—1b 25x2
=> =
a 6
b b _2
a a
=>10- b2 [since, nb-_ 10]
a 3 a
=—-=10- s
a 3
_30—-25
3
5
= 5
3 (5)
Putting equation (5) in (4) we get,
n><§ =10
3
=>n =10 )(§
5
=>n=6
So putting the value of n in equation (1) we get,
ab=729
:>a6 = 36
=>a=3
And putting a = 3 in equation (5) we get,
8
a 3
=>ph = § Xa
3
= § x 3
3
=5

Q2. Find a if the coefficients of x2and x3in the expansion of (3 + ax)%are equal.

A.2.  The general term of the expansion 3+ ax ? s



r

Tr+1 = gCr397r ax

- 9Cr397r al’ Xr

Atr=2,

T2 =%C, 3972 a2x2
ol

= ———3"a%?
219-21

_ 9x8x 7!37612)(2
2x1xT!
= 36 x3'ax?
Atr =3,
Ta:1=%C33° % a°%°
— 9! 3633%3
319-31!
_ 9X8X7X6!36a3x3
3x2x1x6!
= 84 x3%3x3
Given that,
Co-efficient of x* = co-efficient of x°
=>36x3'a’ =84 x3°3°
a®  36x3
a? 84 x3°
3x3
7
_9
A
Q3. Find the coefficient of x%in the product (1 + 2x)%(1 — x)’using binomial theorem.
A3.  We first expand each of the factors of the given product using Binomial theorem. We have,
gl ¥ 2x%6= Co (1) + °C1(1)°(2x) + °C, (1)*(2x)? + 5C3 (1)%(2x)® + °Ca (1)%(2x)* + °Cs (1)(2x)° +
Ce(ZX)

=>

=>a =

6! ! 6! , 6! ;
= —— %1+ XIX 2X | + |———x1Ix4X?| + |————x1x8x®| +
0'6—-0"! 116-11 216-21 316-31!
I I I
L><1><16X4 + L><1><32X5 + L><64X6
416—-41 516-51 6!16—-61




6><5 6 x5 x4l

41x 2!

=[1] + x16x*

+

<o) +

|
6><5><4.><4X2 +
2x1x4!

6x5x4x3! 3
— % 8X° | +
3x2x1x3l

6><5
5l

% (32x°) | + [1 x64x°]

=1+ 12X + 60x% + 160x3 + 240x* + 192x° + 64x°
And,

(1-x)'="Co (1)" + "C1 (1)°(x) +'Ca (1)*(x)? + "C5 (1)*(X)* + "Ca (1)*(%)* + "Cs (1)*(-%)° +
'Cs (1) (+%)° + 'Co(-x)’
I I I I
= Lxl L x1x —X Lxlxxz I xIx —x 7| +
0or7-01 n7-11 217-21 317-3!
| | | I
Lxlxx“ + Lxlx x4 | ———x1x X +[Lx 5 XN
T 51751 6! 7—6 ! N7-71
| | I I
- + 7><6.>< s 7X6X5'><x2] N 7><6><5><4.X(_X3) h 7X6X5X4'><x41 N
1x6! 2x1xD5! 3x2x1x4! 41x 3!
I I
7><6><5.>< v ] N rXG'xxG L X(9)T]
5Ix2! 6!x1!
=1 7x + 21x% — 35x% + 35x*- 21x° + 7x5- X’
Thus, 1+2x° 1—x '
= (1 + 12x + 60x2 + 160x3 + 240x* + 192x° + 64x°)( 1 — 7x + 21x? — 35x3 + 35x*- 21x5 + 7x5- x)
We need to find only the term involving x® i.e. X'x> "
The terms with x° are
= (1)(-21x5) + (12x)(35x%) + (60x2)(—35%%) + (160x3)(21x?) + (240x4)(=7X) + (192x%)(1)
= —21x° + 420x°- 2100x° + 3360x°— 1680x°> + 192x°
= 3972x°- 3801x°
=171x°
Hence, co-efficient of x° is 171.
Q4. If a and b are distinct integers, prove that a — b is a factor of a"- b", whenever n is a positive
integer.
[Hint: write a"= (a— b + b)nand expand]
A4 For (a— b) to be a factor of a" — b "we need to show (2" - b") = (a — b)k as k is a natural
number.

We have, for positive n
a"= (a—b+b)" =[a—b +b[
=>a"="Co(a—h)" +"Ci(@a-b)"b +"Cr(a—b)" b7+ ............ +'Cps @a—b b"* +"Cyb"
=>a'= a—b"+'C;a—b" b +"C; a—b"b¥ + ... +'Crs a—b b"* + b"
[Since, "Co =1 and "C, = 1]

=>a"—b"= a=b"+"Cra-b"'b+"Cra—=b" %+ . ..o +"Chs a—b bt



=a"—b"= a—-b [ a—Db "t +"Cy a—b nizb +"C; a—-b n73b2 T +nCn-1bn71]

=>a"—b" = a—b kwherek=[ a—b "' +"C; a—b " b +"C; a—b " °b? +.......cc...... +
"Cna1 b"*] is a natural number.
Therefore (a— b) is a factor of a" — b"where n is positive integer.

Q5. Evaluate(\/_ \/_) (\/_ J_)

A5.  Using binomial theorem on
a+b " =5Co (a)° +°Ci (a)°(h) + °C2 (a)*(b)* + °Cs (2)*(b)* + °Cu (a)3(b)* + °Cs (a)(b)° +
6C6 (b)e
And
a—b " ="Cy(@)° +C1 (a)*(-h) + °C; @)(-0)? + °Cs (a)'(-h)° + “Cu (@(-b)* + °Cs (@)(-b)’
+ GCe (—b)6
=>a—b°=5C, (@)® -°C1 (8)°(b) + °Cz (a)*(h)* — °Cs (a)*(b)® + °C4 (a)*(b)* — °Cs (a)(b)® +
GCG (b)e
Thus,
a+b°®—a-b°
=[*Co (8)° + °C1 (8)°(b) + °Cz (a)*(h)* + °Cs (@)*(b)*> + °Ca (a)’(b)* + °Cs (a)(b)® + °Cs (b)°]
~[*Co (@)° — °C1(a)°(b) + °C2 (a)*(b)* — °Cs (@)*(b)* + °Ca (a)*(b)* — °Cs (a)(b)> + °Ce (0)°]

=°Co (a)° + °C1(a)(b) + °Cz(a)*(b)* + °Cs(a)°(b)° + °Ca(a)*(b)* + °Cs (a)(b)° + °Cs (b)° -
°Co (a)° + °C1 (a)°(b) — °Cz (a)*(b)* + °Cs (a)*(b)* — °Ca ()*(b)" + °Cs (a)(b)* — °Cs (b)°

=2x[*Cy (a)s(b) +°Cs (a)°(b)* + °Cs (a)(b)°]

=2 [ @ O+ g @) 5,(a)()]
—o 6 x5! . 6x5x4x3! 3 6 x5!
=2x [l @ )b @) ()(b)]

=2 x[6(a)°(b) + 20 (a)’(b)* + 6 (a)(b)’]
Putting a = +/3 and b = /2, we get

W2 - (-2
=206 V3" V7 +20 ¥ (/2 +6 ¥B (V2
=206 9V3 V2 +20 33 22 +6 B 42 |
= 2 [54/6 +120/6 + 246
=2 1986
=396/6



Q6.  Find the value of(a2 + my = (a2 —va? —1)4.
A.6.  Using binomial theorem on
X4y " =4Cox* +4C1X°y +4CoxPy? +4Caxy® +4Cay*
And x—y * =4Cox* —4Ci X’y +4Cox2y? — 4Caxy® +4Cay’
Thus, x+y*‘+ x—y°

=4Cox* +4C1Cy +1Cx7Y? +4Caxy® +4Cay* +1Cox’ —“Cxy +9CoxX’y? — “Caxy® +4Cy

=2 [*Cox* +°Cox?y” +4Cay’]

41 4 4! 2.2 41 4
= X+ Xy "+ —y
014-0! 214-21 41441
4x3x 2!
:2 X4+ X2 2+ 4]
l 2x2! oy

=2[x* +6x7y* + y*]

Putting x=a? and y=+/a> —1, we get
(a®++/a? —1)*+ (a® —Ja® —1)*

=2[a24 +6 @) Jai-1 + x/azi—lj

=2 [a®+6a%@*-1) + (a>- 1)}
=2 [ad+6a°—6a*+a* 2a’ + 1]
=2 [a® + 6a° — 5a*- 2a% + 1]
=2a%+12a° - 10a*- 4a? + 2
Q7. Find an approximation of (0.99)°using the first three terms of its expansion.
AN AU — (48 (.01)
By binomial theorem expanding upto first three terms, we get
(1-0.01)° =5Co (1)° + °Cy (1)*(-0.01) + 5C; (1)3(-0.01)?

|
o Lxl+
[0!5—0! ]

I |
:(1 X 1)7 MX].XOO]. + M
1x 4! 2x1x3!

1n5-11

x1x —0.01

I
+ L><1><O.0001
215-21

x1x 0.0001]

=1-0.05+0.001
=1.001-0.05
=0.951



Qs. Find n, if the ratio of the fifth term from the beginning to the fifth term from theend in the

Jn is\/ﬁ.

. 1
expansion of (‘/§+—
P ( B

A8.  The 5" term of the expansion [(‘/§+%] is given by

4
Ts=Ta1="Cs 42 " [i]

43
_ n! %n 1
T 4ln—41 Htop"
_ n! é/in
T 4n—41 2x3
_ n! %n
T An—41 6

We know that the r" term from end of expansion (x+a)" will be the (n—r +2)" term and is
given by

n Cn—r+1 Xr—l an—H—l

So the last 5 term of the expansion [(‘/5 + i] is
i3

51 1 n—5+1
"Crsr 42 [%]
4 n—4
et [
43
4
n! 3
= X 2 X
n—41n—n—4] ;"
- n! 2x3
n—4 141 43"
_ n! 6
41 n—41 43 n
Given that,

Sthterm frombeginning _ ﬁ
5thterm fromend 1




n

> ( n! 4/5+ n! 6 -6

! y y
Mn—41 6 4an-41" 43"
(‘/En LA </§n
— n! » ><4.n 4.>< 2\/6
41 n—-41 6 n! 6

= 42" 3" =366
= 46" =6 6" [as a'b" =(ab)"]

=>6"* = 6% [since, a"a" =a"""]
S0 we get,

NS
N | ol

:>n=§x4
2
=>n=10

4
Qo. Expand using Binomial Theorem (1+ g - gj , Xx#0.
X

4
AQ. [1+5—3]

2 X
Using binomial theorem we have,
4
x| 2
1+—-|——
3]

x)' X e XV 2Y x) 2) 2\
=iafig] vafug] (5] vofu ][] vefug) -] )
2 2 X 2 X 2 X X

41 x)' 41 x)°(2 41 x) (4
T s . 1+ 2 14+ —— 14+ 2] |2
014—0 ![ 2] 1 4—1![ 2] [x] 2042 ![ 2] [xz]

=T b My
314-31 2 x° 414 -4 1\ x*

sar R el Ree [ e R
el el el Gl s ) oo

Now,



=

~care ol oy oo}

3

X 4
+4Cy| =
[2]

41 41 X 41 x? 41
=|—x1| + XIXx—| +|————xIx—| + |———x1
0r4-0! 1n4-11 2 214-21 4 314-31
1 4
41441 16
_ [4><3! x] 4x3x2! x° 4x30 x° x*
=1+ |+ | —x—| + — |+ |1x—
1x3 2 2x1x2V 4 311! 8 16
2 3 4
=1+2x+3i+x—+x— ------------------- 2
2 16
X3
1+—
3]
X x ) x)
=3Co(1)% +3Cy (1)2[—] +3C, (1)|=| +3Cs|=
2 2 2
| | | g |
= —3' x1|+ 3 ><1><5 + —3' ><1><X— + —3' x1x
013-0! 1r3-11 2 213-21 4 313-3!
3x2! X 3x2! X X3
=1 X—| + X—| +[1x—
Ix2! 2 211! 4
2 3
=1+ % + BL + X_ (3)
2 8
X 2
T[], |l =
1+

= 2Cy(1)? +2C1 (1) [g] +2C, [g]

2! 2! X 2!
=|—x1| + XIX—| + | ——X
0'2-0! 12-11 2 212-21

2
=1+ [ﬁxlxz] + X
1x1! 2 4
XZ
=1+x+ — 4
1 (4)

Putting (2), (3) and (4) in (1) we get,

X2
4



3x? X3 x* 3x 3x? X2 X2\ 4
=1+2X+ — + — + — 4|1+ =—4+"—4+—]||=|| + 6||l+x+—||=]|| -4
2 2 1 +2+2+2[x] 4 || x*
x| 8 16
I+=||=|l+ | =
beak)- (2
2 3 4
:1+2x+3i+x—+x——§—12—6x—x2+2—f+ﬁ+6—¥—§ ﬁ
2 16 X X X X X X
16 8 32 16 ¥ x  x
=—+ = -+ -4+ —+ —+—-5
X X X X 2 2 16

Q10.  Find the expansion of (3x?*- 2ax + 3a?)%using binomial theorem.

AL0.  [3x* —2ax+3a?]

3
= [3x2 +a —2x+3a ]
We know that by binomial theorem,
(@a+b)® = a’+b*+3ab a+b

= a® +b® +3a’h + 3ab?
Then,
[3x2 +a —2x+3a ]3

=(3)°+ [a —2x+3a [ +[3(3x})?a —2x+3a | +[3(3x2) a —2x+3a 2]

=27+ [a® —2x+3a °| + [3(Ox") —2ax+3a” |+ [3(3x2) a? 3a—2x° ]

=27x% + [a3 —8x®+27a°+3 4x* 3a +3 —2x 9a’ } +[—54ax® +81a’x"| + [ 9a°x®
9a® + 4x* —12ax |

=27x5 + [ —8a’x® +27a° +36a’x* —54a°x] + [ —54ax® +81a’x*] + [
(81a*x* 4-36a°x" —108a°x’]
= 27x5-8a*x® + 27a° +36a*x* —54a°x —b54ax® +8la’x* + 8la*x* +36a*x* —108a°x®
= 27x%— Bdax® +117a*x* —116a°x® + 117a*x® —54a°x +27a°



