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Exercise 6.3

Question 1:

Find the maximum and minimum values, if any, of the following functions given by
(i) f(x) = (2x — 1)* + 3 (i) A(x) = 9x* + 12x + 2

(i) f(x) = —(x = 1)* + 10 (iv) g(x) = x> + 1

Answer

(i) The given function is f(x) = (2x — 1)? + 3.

It can be observed that (2x — 1) > 0 for every x [0 R.

Therefore, f(x) = (2x — 1)? + 3 = 3 for every x O R.

The minimum value of fis attained when 2x — 1 = 0.

Y 2
fl5]=]2:5-1] +3

5.0
OMinimum value of f = 202 ) =3

Hence, function f does not have a maximum value.
(ii) The given function is f(x) = 9x* + 12x + 2 = (3x + 2)* — 2.
It can be observed that (3x + 2)? > 0 for every x O R.
Therefore, f(x) = (3x + 2)> — 2 = =2 for every x 0 R.
The minimum value of fis attained when 3x + 2 = 0.

2

¥ =—

I P 3

(352

OMinimum value of f=  * !

A

Hence, function f does not have a maximum value.

(iii) The given function is f(x) = — (x — 1)®> + 10.

It can be observed that (x — 1) > 0 for every x (I R.
Therefore, f(x) = — (x — 1)> + 10 < 10 for every x O R.
The maximum value of fis attained when (x — 1) = 0.
x-1)=00x=0

OMaximum value of f= f(1) = — (1 — 1)> + 10 = 10
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Hence, function f does not have a minimum value.
(iv) The given function is g(x) = x> + 1.

Hence, function g neither has a maximum value nor a minimum value.

Question 2:

Find the maximum and minimum values, if any, of the following functions given by
MHfxX)=Ix+2]=-1(i)gx)=—-|x+1] +3

(iii) h(x) = sin(2x) + 5 (iv) f(x) = |sin 4x + 3|

(V) h(x) =x+4,x= (-1, 1)

Answer
x+2 -
(i foy = T2
x+2|=
We know that |r | ufor every x (1 R.
x+2-1=-

Therefore, f(x) = |t | ] Ifor every x [ R.

o ) . .r+2| =10
The minimum value of fis attained when .
|_r+2| =1
== x=-2

=|— F}‘— =
OMinimum value of f = f(=2) = | 2+2-1=-1

Hence, function f does not have a maximum value.

. —|x+1+3
(i) gloclusus |
| -
—| |
We know that 'T+I| \ for every x [0 R.
—|x +3<

Therefore, g(x) = P+ l| T 31’or every x O R.
The maximum value of g is attained when |x+1| :U.
[x+1/=0
= x=-1

—|-1+1|+3=3

OMaximum value of g = g(—1) =

Hence, function g does not have a minimum value.
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(iii) h(x) = sin2x + 5
We know that — 1 < sin 2x < 1.
O0-14+5<sin2x+5<1+5
O4<sin2x+5<6

Hence, the maximum and minimum values of h are 6 and 4 respectively.

(V) FOX) = sindx+3|

We know that —1 < sin 4x < 1.
O2<sind4x +3< 4

g5 <Sindx+3_,

Hence, the maximum and minimum values of f are 4 and 2 respectively.
(VYh(x)=x+1,x0 (-1, 1)

L

Ll +1

Here, if a point xp is closest to —1, then we find 2 forall xo O (-1, 1).
x +1

Xl

Also, if x; is closest to 1, then 2 forall x; O (-1, 1).

Hence, function A(x) has neither maximum nor minimum value in (=1, 1).

Ques

Find the local maxima and local minima, if any, of the following functions. Find also the
local maximum and the local minimum values, as the case may be:

(). fix) = x> (ii). g(x) = x> — 3x

T
X<

(iii). h(x) = sinx + cos, 0 < 2 (iv). f{x) = sinx — cos x, 0 < x < 2n
(V). f(x) = x> — 6x>*+ 9x + 15

x 2
g(x)==+=,x>0
(vi). 2 x

¢(x)=—
(vii). ) v+ 2
(wiii). S (x) l-x,x>0

Answer



www.toppersguru.com
www.toppersguru.com

WwWw.toppersguru.com

(i) fix) = x*

s (x)=2x
Now,
f(x)=0=x=0

Thus, x = 0 is the only critical point which could possibly be the point of local maxima or

local minima of f.

We have f'(U} =2

Therefore, by second derivative test, x = 0 is a point of local minima and local minimum
value of fat x = 0 is f(0) = 0.
(i) g(x) = x> = 3x

, which is positive.

sg'(x)=3x"-3
Now,

g(x)=0=3x" =3= x =1+l

g'(x)=6x
g'(1)=6>0
g'(-1)=-6<0

By second derivative test, x = 1 is a point of local minima and local minimum value of g

atx=1isg(1l) =1®>-3 =1 -3 = =2, However,

x = —1 is a point of local maxima and local maximum value of g at
x=-1isg(1l)=(-1)*-3(-1)=-1+3=2.
T

(iii) h(x) = sinx + cosx, 0 < x < 2
~H (x)=cosx—sinx

A
Fi"{x]=l}:>5in.r =cosxy=tanx=1= ;;:E.F[ﬂ, kg
4 2
h"(_\'] =—sinx—cosxy= —{sin .\'+cns_r)
i H ' I & 2 -J'_
=——==-y2 <0
2

bl 1
x : =
\ 4 ) W2 A2

"



www.toppersguru.com
www.toppersguru.com

WwWw.toppersguru.com

T
r=—
Therefore, by second derivative test, 4isa point of local maxima and the local

T . ] 1 =
x== h[—]=sm—+cos—=—+—;—w’2.
maximum value of h at 4is 4 4 2 2

(iv) f(x) = sinx —cos x, 0 < x < 2n

o S (x) =cosx+sinx

f’{x]:l):>cosx=—sin.r:~tan,r=—l:»x=3Tn,?—;c{D.2rr}

f"(x)=-sinx+cosx

in . am in 1 | i~
|l — |=z—sin—+c0s—=——=——==—+/2>0
4 ( 4 ] 4 4 2 2
ol 7 .7 7 ] ] i
f (—]:—sm—n+cos—xv —+—==42>10
4 4 4 J2 2
- in
Therefore, by second derivative test, 4isa point of local maxima and the local
In
r=—
maximum value of f at 4 s
".I ]
f[E—n —sinﬂ—cosﬂ—;—;'—ﬁ. _\-:7_?[
4) 4 4 V2 V2 However, 4 isa point of local minima and
(Tn .
_\-=E j[—nw Sln?—K—CDS?—“:—L—%=—ﬁ
the local minimum value of f at 4is N 4 4 4 \'E = .

(v) fix) = x* — 6x*> + 9x + 15
S (x)=3x"-12x+9
f'(x)=0 ::»3(,r3—4,z'+3)—ﬂ
= 3(x—-1)(x-3)=0

=x=1 3

Now,
(x)=6x-12=6(x-2)
77(1)=6(1-2)=—6<0
1"(3)=6(3-2)=6>0



www.toppersguru.com
www.toppersguru.com

WwWw.toppersguru.com

Therefore, by second derivative test, x = 1 is a point of local maxima and the local
maximum valueof fat x =1isf(1) =1 -6 + 9 + 15 = 19. However, x = 3 is a point of

local minima and the local minimum value of fat x = 3 is f(3) = 27 — 54 + 27 + 15 =

15.
-
g(x =242 x50
(vi) 2 x
. 1 2
X)j=———
(x)=3-+
Now,

g'(x}zﬂgiv&s%:%:xz =4=x=42
X

Since x > 0, we take x = 2.

MNow,
4
E”(X):—;
X
4 1
g”(Z]:?:—‘}{]
Therefore, by second derivative test, x = 2 is a point of local minima and the local
2
—+—=1+1=2.

ra

minimum value of gat x = 2 is g(2) = 2

1
g(x)=—
(vii) { v +2

—3
g'(x)=0=- 0> x=0

(x*+2 }_

(x)=0.

Now, for values close to x = 0 and to the left of O, g Also, for values close to x =

0 and to the right of O,Er {'t}{u.
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Therefore, by first derivative test, x = 0 is a point of local maxima and the local
.1 1
2(0)is =—,
maximum value of 0+2 2

f{x}:xu"’:, =0

(viii)
"‘f'(szm*-x'zq{l]—_x{_”: |—x—2 I—x
20295 2o

Co2JI-x 21—«

2-3x

f'(x]:ﬂ::» i

-
=D:>2—3x:(l:t~:r::§

2

Therefore, by second derivative test, Jisa point of local maxima and the local
2

¥

maximum value of f at 3is
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2y 22 2[1_ 2 23
f(?]‘ﬂ(;?\g‘aﬁ‘ 5

Question 4:

Prove that the following functions do not have maxima or minima:
(i) fix) = e (i) g(x) = logx

(i) h(x) = x> + x> + x + 1

Answer

i. We have,

fix) = &

A (x)=e€

Sf'(x)=0, thene" =0

Now, if . But, the exponential function can never assume 0 for any

value of x.

Therefore, there does not exist c[d R such thatJf {(J =0

Hence, function f does not have maxima or minima.

ii. We have,

g(x) = log x

, |
LElx)=—
(x)="
Sincelog x is defined for a positive number x. g'(x) = 0 for any x.
. g'(c)=0
Therefore, there does not exist c[1 R such that ’ .
Hence, function g does not have maxima or minima.
iii. We have,
h(x)=x>+x*+x+ 1
SR () =307+ 20 +1

Now,

h(x)=003x2+2x+1=00 6 3
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W(c)= U.

Therefore, there does not exist c[d R such that

Hence, function h does not have maxima or minima.

Question 5:
Find the absolute maximum value and the absolute minimum value of the following
functions in the given intervals:

flx)=x"xe[-2,2]

f(x)=sinx+cosx,xe[0,n]

(i) (i)
. 1 . [ .9
flx)=dx——x",xe|-2,—
(iii) 2 L 2
(i) f(x)=(x-1) +3.xe[-3,1]
Answer

(i) The given function is f(x) = x°.
f'[x}:Ex"

Now,

f(x)=0 = x=0

Then, we evaluate the value of f at critical point x = 0 and at end points of the interval

[-2, 2].
f(0) = 0

f(-2) = (-2)° = -8
f2) = (2)°=8

Hence, we can conclude that the absolute maximum value of fon [-2, 2] is 8 occurring
at x = 2. Also, the absolute minimum value of fon [—-2, 2] is —8 occurring at x = —2.
(ii) The given function is f(x) = sin x + cos x.

~ f(x)=cosx—sinx

Nowy,

8 ) T
fx)=0 = smx-cmx::»tanxﬂ:»x:E

Ir=
Then, we evaluate the value of f at critical point

=(A

and at the end points of the

interval [0, n].
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f[ﬁJ—sinﬂ+msn— ] + 1 2 _ 2
L4 4 4 2 2 2

F(0)=sin0+cos0=0+1=1

f(n)=sinm+cosm=0-1=~1

Hence, we can conclude that the absolute maximum value of fon [0, n] is “!@curring
T
X=—
at 4 and the absolute minimum value of f on [0, n]is =1 occurring at x = n.
1,
flx)=dx——x".
(iii) The given function is 2

L f(x)=4-2(2x) =4-x

MNow,
f(x)=0 = x=4

Then, we evaluate the value of f at critical point x = 4 and at the end points of the

s
[_2, i}
. .
interval =,

f(4]=]ﬁ—%{lﬁ}:1ﬁ—3=8

9 i (oY
712 =4li]__(_. 18- 181025 =7.875
2) 212 8

9
{_2, ;}
Hence, we can conclude that the absolute maximum value of f on “=Jis 8 occurring
9
{_2, ;}
at x = 4 and the absolute minimum value of f on “dis —10 occurring at x = —2.

-

f'{x}:{x—lj +3.

(iv) The given function is"
_f"{_r]l - 2{.1.‘—I]

Now,
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F)=0 s —y—omx=1

Then, we evaluate the value of f at critical point x = 1 and at the end points of the
interval [-3, 1].

F()=(1-1) +3=0+3=3

F(=3)=(-3-1)"+3=16+3=19

Hence, we can conclude that the absolute maximum value of fon [—-3, 1] is 19 occurring

at x = =3 and the minimum value of fon [-3, 1] is 3 occurring at x = 1.

Question 6:

Find the maximum profit that a company can make, if the profit function is given by
p(x) = 41 — 24x — 18x?

Answer

The profit function is given as p(x) = 41 — 24x — 18x°.

oop'(x)=-24-36x
p"{x]:—:*ﬁ
MNow,
24 2
i (x)=0 = x=—=-=
! { ] 36 3
Also,
[
| — |=-36<10
! 3 )
2
T=——
3

By second derivative test, 2 is the point of local maxima of p.

i

i T
. Maximum profit = p

b 32'
[ 2) 2y
=41-24 ——J—IB[——]
L3 3
=41+16-8

=49

Hence, the maximum profit that the company can make is 49 units.
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Question 7:

I_:‘"{Jr}:.'c'1 +l,_,.'n:;t 0
Find the intervals in which the function f given by X is

(i) increasing (ii) decreasing

Answer
fx)=x"+—=

. , 3 3" -3
f(x}=31"—?= 1

Then, f'(x)=0=3x"-3=0=x"=1= x = %]
Now, the points x = 1 and x = —1 divide the real line into three disjoint intervals

(—e0,—1),(=11), and (1,%0).

i.e.,

w,—1) and (I,0) f(x)>0.

In intervals(_ i.,e., whenx < —-1andx>1," *

Thus, when x < —1 and x > 1, fis increasing.

f(x)=<0.

Ininterval (-1, 1) i.e., when -1 < x < 1, -

Thus, when —1 < x < 1, fis decreasing.

At what points in the interval [0, 2n], does the function sin 2x attain its maximum value?
Answer

Let f(x) = sin 2x.

= f'(x)=2cos2x

Now,

N T 3t 5n Tn
= 2x=—, —, —, —
2 2 2 2
n 3n Sn Tn
:)x:_ﬁ T T s T T
4 4 4 4
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In 5n Tn

= _—
4 4 4 and at the end

Then, we evaluate the values of f at critical points

|8

points of the interval [0, 2n].

T . W 3n . 3m
f[g]—smg —I,f[T]—sm?— -1

S5 . 5m Tx . Ix
f[T]-sm?- I,I[T]—sm7-—l

S(0)=sin0=0, f(2x)=sin2n =0
Hence, we can conclude that the absolute maximum value of fon [0, 2n] is occurring
bl St

X=—

x=— ;
at “4and 4

Question 9:
What is the maximum value of the function sin x + cos x?
Answer

Let f(x) = sin x + cos x.

~f {t) =cosx—sinx

f'{x]=ﬂ = sinx=cosx=>tanx=1=x= STT[

= | o

_f'"(.r] =—sinx-cosx =—(sinx+cos :r]

I(x)

are both positive. Also, we know that sin x and cos x both are positive in the first

will be negative when (sin x + cos x) is positive i.e., when sin x and cos x
m
j-n{ r} xe[ﬂ,—]
quadrant. Then, ~“will be negative when 2 .

X=
Thus, we consider

(n)y (. = 7 [ 2 ]
=—|sin—+cos— |=-— =—2<0
(07 eco)-( Z)--2

=8

[

4 ) ' 4 )
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T
Xr=—
OBy second derivative test, f will be the maximum at 4 and the maximum value of f
nw .m T 1 1 2
— |=sin—+cos—=—F—=x—F—==—== J_
isf {4 s TR R

g

Question 10:

Find the maximum value of 2x®> — 24x + 107 in the interval [1, 3]. Find the maximum
value of the same function in [-3, —1].

Answer

Let f(x) = 2x° — 24x + 107.

f(x)=6x"-24=6(x"-4)
MNow,
[(x)=0 =6(x—4)=0= 1" =d4=x=42

We first consider the interval [1, 3].

Then, we evaluate the value of f at the critical point x = 2 (0 [1, 3] and at the end points
of the interval [1, 3].

f(2) = 2(8) — 24(2) + 107 = 16 — 48 + 107 = 75

f(1) =2(1) — 24(1) + 107 =2 — 24 + 107 = 85

f(3) = 2(27) — 24(3) + 107 =54 — 72 + 107 = 89

Hence, the absolute maximum value of f(x) in the interval [1, 3] is 89 occurring at x =
3.

Next, we consider the interval [-3, —1].

Evaluate the value of f at the critical point x = =2 O [—-3, —1] and at the end points of
the interval [1, 3].

f(=3) =2 (=27) — 24(-3) + 107 = =54 + 72 + 107 = 125

f(-1) =2(-1) — 24 (-1) + 107 = =2 + 24 + 107 = 129

f(—2) = 2(—-8) — 24 (-2) + 107 = —16 + 48 + 107 = 139

Hence, the absolute maximum value of f(x) in the interval [-3, —1] is 139 occurring at x
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It is given that at x = 1, the function x*— 62x* + ax + 9 attains its maximum value, on
the interval [0, 2]. Find the value of a.

Answer

Let f(x) = x* — 62x*> + ax + 9.

S (x)=4x"—124x +a

It is given that function f attains its maximum value on the interval [0, 2] at x = 1.

L r(1)=0
= 4-124+a=0
= a=120

Hence, the value of a is 120.

Question 12:
Find the maximum and minimum values of x + sin 2x on [0, 2n].
Answer

Let f(x) = x + sin 2x.
S (x)=142cos2x

2

, | T ol
Now, f'(x)=0= cos2x= = —C{'!STL =Cos| - 2 |: L'I'.}H.T
2 3 3

-

2x=2m + nelf

-
3

T .
=xyx=mmt—, nelk

€[0.2x]

Ll

w||J

T 2n 4m 5w
=D x=—, ——
3 3

3
m 2m 4w Su
Then, we evaluate the value of f at critical points 37333 and at the end points

of the interval [0, 2n].
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5
i EJ=—+sin—“=E+£
L3 i 2
(2m) 2 4n 2n 3
f —_— | = —_— i — e —
3 3 3 3 2
(4 4nm gn 4n 3
Jl—|=—+sin—=—+—
3J 3 3 3 2
.SEJ st . 10m Sm A3
fl— |=—+sin—="———
3 3 3 2
7(0)=0+sin0=0
f(2n)=2n+sindn =2n+0=2n

Hence, we can conclude that the absolute maximum value of f(x) in the interval [0, 2n]
is 2n occurring at x = 2n and the absolute minimum value of f(x) in the interval [0, 2n]

is 0 occurring at x = 0.

Question 13:

Find two numbers whose sum is 24 and whose product is as large as possible.
Answer

Let one number be x. Then, the other number is (24 — x).

Let P(x) denote the product of the two numbers. Thus, we have:

P(x)=x(24-x)=24x-x

P (x)=24-2x
Pr(x)=-2

Now,

P{x)=0 = x=12
Also,
P"(12)=-2<0

OBy second derivative test, x = 12 is the point of local maxima of P. Hence, the product
of the numbers is the maximum when the numbers are 12 and 24 — 12 = 12.

Q

Find two positive numbers x and y such that x + y = 60 and xy° is maximum.



www.toppersguru.com
www.toppersguru.com

WwWw.toppersguru.com

Answer

The two numbers are x and y such that x + y = 60.

Oy=60-x

Let f(x) = xy*>

= f(x)=x(60-x)

o f'(x)=(60-x) ~3x(60-x)
=(60-x)"[60-x-3x]
=(60-x) (60 - 4x)

And. f"(x) =-2(60 - x)(60 - 4x) —4(60 - x)’

=-2(60-x)[ 60— 4x+2(60x)
=-2(60—x)(180—6x)
=-12(60—-x)(30-x)

Now, /"(x)=0 = x=60orx=15

-

When x =60, /"(x)=0.
Whenx =15, f"(x)=—-12(60-15)(30-15)=-12x45x15 <0.

OBy second derivative test, x = 15 is a point of local maxima of f. Thus, function xy? is
maximum when x = 15and y = 60 — 15 = 45,

Hence, the required numbers are 15 and 45.

astion 15:
Find two positive numbers x and y such that their sum is 35 and the product x%y° is a
maximum
Answer
Let one number be x. Then, the other humber is y = (35 — x).

Let P(x) = x?y°. Then, we have:
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P(x)=x*(35-x)
L P(x)=2x(35-x) -5x*(35-x)"
=x(35-x)"[2(35-x)-5x]
- x(35-x)" (70-7x)
=7x(35-x) (10-x)
And, P*(x) =7(35-x)" (10-x)+ 7x| ~(35-x)' =4(35-x) (10-x) |

(35-x)"(10-x) - 7x(35-x)" —28x(35-x) (10-x)
(35-x) [(35-x)(10-x) - x(35-x)~4x(10-x) |

(35—x)'[350-45x+x" —35x+x" —40x+4x" |
( —

35
35

7
7
7
7

35-x)"(6x" —120x+350)
NOW,P [\x}:[} :;}X = 0, X = 35,X =10

When x = 35, S'(x)=1(x)=0 and y = 35 — 35 = 0. This will make the product x? y°
equal to 0.

When x = 0, y = 35 — 0 = 35 and the product x?y? will be 0.

O x = 0 and x = 35 cannot be the possible values of x.

When x = 10, we have:
P"(x)=7(35-10) (6x100~120x10+350)
=7(25) (-250) <0
[0 By second derivative test, P(x) will be the maximum when x = 10 and y = 35 — 10 =

25.

Hence, the required numbers are 10 and 25.

(o]

Find two positive numbers whose sum is 16 and the sum of whose cubes is minimum.
Answer

Let one number be x. Then, the other number is (16 — x).

Let the sum of the cubes of these numbers be denoted by S(x). Then,
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S(x)=x"+(16-x)

£ 8'(x) =35 ~3(16-x), §"(x) = 6x+6(16-x)
Now, §'(x)=0 = 3+ ~3(16-x)" =0

=" —(16-x) =0

= x =256-x"+32x=0

256
r=—=
32

S"(8)=6(8)+6(16-8)=48+48=96>0

8

Now,
0 By second derivative test, x = 8 is the point of local minima of S.
Hence, the sum of the cubes of the numbers is the minimum when the numbers are 8

and 16 — 8 = 8.

Question 17:

A square piece of tin of side 18 cm is to made into a box without top, by cutting a square
from each corner and folding up the flaps to form the box. What should be the side of
the square to be cut off so that the volume of the box is the maximum possible?

Answer

Let the side of the square to be cut off be x cm. Then, the length and the breadth of the
box will be (18 — 2x) cm each and the height of the box is x cm.

Therefore, the volume V(x) of the box is given by,

V(x) = x(18 — 2x)?
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SV (x)=(18 ] 4x(18-2x)
=(18- 21’}[8 2x — 41c]

=(18- 21’}{13 ﬁr)

—

2
=—12(9-x+3-x)
=-12(12-2x)
=-24(6-x)

If x = 9, then the length and the breadth will become 0.
SX 9,

= x = 3.

Now, V'(3)=-24(6-3)=-72<0

. By second derivative test, x = 3 is the point of maxima of V.
Hence, if we remove a square of side 3 cm from each corner of the square tin and make
a box from the remaining sheet, then the volume of the box obtained is the largest

possible.

dJuestion 18:

A rectangular sheet of tin 45 cm by 24 cm is to be made into a box without top, by
cutting off square from each corner and folding up the flaps. What should be the side of
the square to be cut off so that the volume of the box is the maximum possible?
Answer

Let the side of the square to be cut off be x cm. Then, the height of the box is x, the
length is 45 — 2x, and the breadth is 24 — 2x.

Therefore, the volume V(x) of the box is given by,
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Vi(x)=x(45-2x)(24-2x)
= x(1080-90x - 48x +4x7 )
=4x' —138x" +1080x
SV (x)=12x" —=276x+1080
=12(x* = 23x+90)
=12(x-18)(x-35)
Vr(x)=24x-276 =12(2x-23)

—x=18andx =5

It is not possible to cut off a square of side 18 cm from each corner of the rectangular
sheet. Thus, x cannot be equal to 18.

Ox =5

Now,V"{5}= 12(10-23)=12(-13) =-156 <0

-+ By second derivative test, x = 5 is the point of maxima.
Hence, the side of the square to be cut off to make the volume of the box maximum

possible is 5 cm.

Que

Show that of all the rectangles inscribed in a given fixed circle, the square has the
maximum area.

Answer

Let a rectangle of length / and breadth b be inscribed in the given circle of radius a.
Then, the diagonal passes through the centre and is of length 2a cm.

A

o

b

Now, by applying the Pythagoras theorem, we have:
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(2a)" =F +°
= b =4a’ -

= b=vda -1

OArea of the rectangle, <= Néa' =TI’
% =da' -I" +1

_ da’ =20
Via' -1
iy |

Vaa' =1 (—4)—(4a’ -21°) (=2)

I — [
— (2N =4a - —————
2J4a" -1 (=2 Vaa' =1

d*A _ 2W4a' -1
dl’ (40’ -17)

(4a” -1 J(—al)+1{4a" - 21 )

(44’ —F)E

_—2a'1+20 21(6a’ 1"
(44’ f’}; (4a’ f’);

va,ii—': =0gives 4a” =2I" = [ = NG,

f 3 3 I,
= b=+4a" - 2a* =\2a" =\2a
I'_
Now, when [ =/ 2a.

d’A —Z(J'Ea)(ﬁu: —2{33) y 82

. - =———=-4=10
dr’ 224° 2J24°

- By the second derivative test, when! = *-"Eﬂ, then the area of the rectangle is the
maximum.

Sincel =b = ‘*"2”, the rectangle is a square.

Hence, it has been proved that of all the rectangles inscribed in the given fixed circle,

the square has the maximum area.
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Question 20:

Show that the right circular cylinder of given surface and maximum volume is such that
is heights is equal to the diameter of the base.

Answer

Let r and h be the radius and height of the cylinder respectively.

Then, the surface area (S) of the cylinder is given by,

S =2mnr* +2nrh

S-2m

2mr

50

Let V be the volume of the cylinder. Then,

. sy 1 ose
V=marh=mnr {i[l]—r ; -

= h=

2nlr | 2
dr 8 , dV
Then., =——3mr", ‘ — = —br
dr 2 dr-
dv & . .8
Now, —=0=—=3m" = -
dr 2 6m
. 2 'Sy .
, S v '
When r~ =—. then —— = —6m ﬂi <.
on er” .\1"i 6m
. &8
F=—
O By second derivative test, the volume is the maximum when om
Y M 6rr (1)
Now, when r~ =—, then i= L, |—r =3r—r=2r
on 2o\ r)

Hence, the volume is the maximum when the height is twice the radius i.e., when the

height is equal to the diameter.

~

Of all the closed cylindrical cans (right circular), of a given volume of 100 cubic
centimetres, find the dimensions of the can which has the minimum surface area?
Answer

Let r and h be the radius and height of the cylinder respectively.
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Then, volume (V) of the cylinder is given by,
V=mh=100 (given)
_ 100

w.’:

Sl

Surface area (S) of the cylinder is given by,

3 ¥ 2
S=2nr" +2nrh=2nr" +E
-

1 2
di=4rtr - Eﬂiﬂ. d 5 =4dn+ 4{{{}

s e dr” P
ﬁ =0 = 4ar= @
dr e

. 200 50
=y ==

4n T

(%) .

f 3 2
Now, it is observed that when r = [ 20 | - d ?
y TC ) dr‘

OBy second derivative test, the surface area is the minimum when the radius of the

> (0.

(50
E— cim
cylinder is* ™/
I |
' l""i ] - "3
Whenr=L5_DJ . hz_,.ﬂz :_~:<5':|' : =2[5GJ e
y H[ﬁﬂ]i (sop ()5 \7
i

Hence, the required dimensions of the can which has the minimum surface area is given

I
3
2 E] cm.

&80 [
—J cm
by radius = and height = T



www.toppersguru.com
www.toppersguru.com

WwWw.toppersguru.com

A wire of length 28 m is to be cut into two pieces. One of the pieces is to be made into a
square and the other into a circle. What should be the length of the two pieces so that
the combined area of the square and the circle is minimum?
Answer
Let a piece of length / be cut from the given wire to make a square.
Then, the other piece of wire to be made into a circle is of length (28 — /) m.

I

Now, side of square = 4

1
2nr =281 =r=—/(28-1).
Let r be the radius of the circle. Then, 2n

The combined areas of the square and the circle (A) is given by,

A =(side of the square} + #*

I& 1 ’
=— —(28-1
lﬁHt[En{ }}
: | 2
=—+—(28-1
16 4?[[ }
dd 21 2 |
So—=—t—(28-N[-1)=———(28-1
cl [6+4:n:( ]{ ) 8 Eﬂ( }
ﬂ=l+L:~t}
gl 8 2n
Now, EE:U — i—L{ZS—F}ﬂ}
cdl 8 2n
:.Er_:i[zg_ﬂzn
8n
::-[:t+4]!-112=ﬂ
n+4
- 2
. 112 dﬂ.bﬂ‘

Thus, when 7T+4 dl’

2

. By second derivative test, the area (A) is the minimum when n+4,
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Hence, the combined area is the minimum when the length of the wire in making the

112
square is m+4 cm while the length of the wire in making the circle
112 28
28— L cm
is n+4d mT+4
Question 23:
Prove that the volume of the largest cone that can be inscribed in a sphere of radius R is

8
27 of the volume of the sphere.
Answer

Let r and h be the radius and height of the cone respectively inscribed in a sphere of

radius R.

Let V be the volume of the cone.
1 .
V=—=mrh
Then, 3

Height of the cone is given by,

w [p2 .2 e o )
ey AB_Rh‘ R =i [ABC is a right triangle]
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1

Ldv_2 SR 2 . (-2r)
I.dr_BMR-'_ RNR = 4w 2|'R2 -"'2
2 3 P
=—mrR+—mrVR -r ——mn
3 R
2 2nr(R =) —mr?
=—mrR + I{ - }x
3 3-J’R” -
2 2R - 3w
=—mrk
3 3WR =1
; IR -1 (21‘{3: —Qnr:)— (errﬁ': _3;[;--‘), (—2r)
d'v_ 2R o
df‘z 3 9(R2 —P":)
(R —r* ) 28R =97 )+ 2000 R + 3’
2 R+ { )( ] -
27(R =17 )
Al 2 3 - 2R
N 'y =C| ‘R =
oW - — :Ii;i i N
_‘1}': —?_.Rz [y

= 2R= = IRVR -r’ =3r" -2F’

VR -
S AR} (R?-r*)= (367 - 2R3)
= 4R — 4R =0 4R —12/°R°

:’9?“ :8H2r2
., B
= =—R"
9
, , d*V
When »* :ﬁﬁ', then —— < (.
9 P
rEZERz.
9

[0 By second derivative test, the volume of the cone is the maximum when
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When r* :—R" h=R+ ‘IIR ——R“—Fc‘ .ll—R = —:—R

Therefore,
= ]—::EE !E:J(i R‘J
3 W9 3
_8(4 kR’
2703

= %x{‘v’olume of the sphere)

Hence, the volume of the largest cone that can be inscribed in the sphere is %

the volume of thesphere.

Question 24:

Show that the right circular cone of least curved surface and given volume has an

altitude equal to *-E time the radius of the base.

Answer

Let r and h be the radius and the height (altitude) of the cone respectively.
Then, the volume (V) of the cone is given as:

1 ¥
V=-mrih=h=" :
3m ¥

The surface area (S) of the cone is given by,

= nrl (where / is the slant height)

=arr+ i

J :E +V_
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6mr’ =
- - —art 49

7 7 &
It —n'rt -9

Pt L)

a o ]
rle':'t"'r[’ +9op?
3 2n’rt o)t
!"3 ,'ﬂlrl's_l_gy!
as 4 g)?
Now,— =0=2n"r" =9’ =" =——
o 21
oy d'S
= __,f — = 0.
Thus, it can be easily verified that when 2n° dr
6 gp?
Fo= — -
[0 By second derivative test, the surface area of the cone is the least when 2
1
912 :“ 3 znlr:- 2 - 2;],”,.1
When r’ =——, h=— —[ J,+J J2r,
2’ w9 e 3

Hence, for a given volume, the right circular cone of the least curved surface has an

altitude equal to V2 times the radius of the base.

Juestion 25:
Show that the semi-vertical angle of the cone of the maximum volume and of given slant
-
height is lan V2,
Answer

Let 6 be the semi-vertical angle of the cone.

0c [n- 1},
It is clear that 2

Let r, h, and / be the radius, height, and the slant height of the cone respectively.
The slant height of the cone is given as constant.



www.toppersguru.com
www.toppersguru.com

WwWw.toppersguru.com

=
Now, r=/sin8and h =/cos 6

The volume (V) of the cone is given by,

= §:r|:(r."’2 sin” 9) (F cos Er':l

|
:Emf' sin” cosd

F i
Z_L - %[sinz 6(-sin @)+ cos@(2sin Hcosﬁ']]

= f—ﬂ[—sinu 2sin0cos 0 ]
3

vor .3 : .3
d 5 =ETH —3sin” @cosf+2cos & —4sin’ Ecosﬁ]

3
:g[zcos‘ﬂ—?sin? {I‘cos{?]

A
'.\Jnm.—rzlf]'
¢
= sin’ @ = 2sin@cos’ &
= tan’@=2
= tan@ =2

—
L

=f=tan

Now. when @ = tan ' /2. thentan’ 8 = 2 or sin’ @ = 2cos’ 6.
['hen., we have:

d’V Iz T

—= —[ch:f a- 14:::)5;"5‘] =—4nl’ cos’0 <0 for Be |0, =
do- 3 2

-1
[IBy second derivative test, the volume (V) is the maximum when & = tan 2 .



www.toppersguru.com
www.toppersguru.com

WwWw.toppersguru.com

Hence, for a given slant height, the semi-vertical angle of the cone of the maximum

-1
volume is an \-"E

Question 27:

The point on the curve x> = 2y which is nearest to the point (0, 5) is

(2v2.4) ) (2v2,0)

(A) (B
(C©) (0, 0) (D) (2, 2)
Answer

The given curve is x> = 2y.

S
X, TJ
For each value of x, the position of the point will be * g

i w2 )
X, T
The distance d(x) between the points \ ~ “and (0, 5) is given by,
2 v II 4 \ ; 4
dix)= {x—ﬂ] +[?—1 =.]|.||.T'+—+25—5_I —,llll-——-h +25
| = A

(.1‘3 - 8.1'} _ {_‘J;j - B.r}

Jx' —16x2 +100

x ’
20— —4x" +25
\ 4
Now, d'(x)=0= X =8x=0
:>x(x2 —R)z l

= x=0.£22
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M(Bf ~8)~(x" ~8x)- 4x" —32x

245t —16x7 +100
[f —16x + luu}

(x* =165 +100)(3x" —8) = 2(x" - 8x)(x" —8x)

And,a’”(:r]:

k]
2

(x* —16x" +100)

(x* ~16x" +100)(3x* —8) ~2(x" ~8x)’

3
(x* =162 +100)?

x =10, then a’"(x} = w < ().
When, 6

When, £ = 242, d"(x) > 0.

OBy second derivative test, d(x) is the minimum at* =42y2

(22)

=4,

xr= iE-u'E, ¥=
When

(ﬂﬁ, 4)

Hence, the point on the curve x* = 2y which is nearest to the point (0, 5) is .
The correct answer is A.

l—x+x

For all real values of x, the minimum value of I+x+x7 s
(A)O (B) 1

1
(©)3 (D) 3

Answer
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f'l:x}: {|+'¥+~x!)[—] +2x}—(l—x+x3){|+gx)

2

(I+x+x:)

3 14+ 2x=-x+2x" = x '+ 2" =1=-2x+x+2x" -x'-2x
- 3

(I+x+x2)'

-2 2(x-1)

(]-Hr+.1cl}J (H—JH—;::)I

S fN(x)=0 = X =1 x=+1

2[(|+.7c+,'c“)1 {Ex]—(.xz —1}{2}{|+x +.TE}[|+2I}J

Now. ["(x)= —
(14x+x7)
) 4(]+.r+x3)[(l+x+x'1).x—{x'1 —I-][] +2.x”
[I F x4 xz)
_ 4[.‘1:+JfJ +x = x' =20 4 1+ Zx—l
I:l+x+x")1
_4(1+3x-x)
(l+x+.‘r" }

And, f"(1)= 401+3-1) _Cimd Y

(1+1+1)  @3) 9
40-341) 8
(1-1+1) ) a3k

OBy second derivative test, fis the minimum at x = 1 and the minimum value is given

Also, /" (-1) =

T 1-1+1
1+1+1

f(1)
by
The correct answer is D.

1
a
3

1
The maximum value of [x(x-1)+1],0<x<I .
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5/,

(a) 3/ ) 2

(©)1(D)o0

Answer

Letf{_r}:I:x{,r—])+l:|-‘,

_ 2y =1
3[x(x=1)+1]

Now, f'(x)=0 = x :%

()

1
v =

Then, we evaluate the value of f at critical point 2 and at the end points of the

interval [0, 1] {i.e., at x =0and x = 1}.
_;‘{n}:[u[n—1}+|]"~ =1
f[l]z[]{]—l}ﬂ]-l‘zl

(1 (-1) T (3Y;
5)-5(3) ()

Hence, we can conclude that the maximum value of fin the interval [0, 1] is 1.

The correct answer is C.
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