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Exercise 5.2

Question 1:

Differentiate the functions with respect to x.

sin(x’ +5)

Answer

LEIf(I}=SiI‘1(x2 +5], u(x)=x"+5, and v(r)=sint
Then, (vou)(x)=v(u(x))=v(x* +5)=tan(x* +5) = f(x)
Thus, fis a composite of two functions.

Puti=u(x)=x"+5
Then, we obtain

%=%{sinr]=cusfzcus[11+5)

di d g, diy d,. :

—_— - 5:_.. — :2 ':2-

e rir(x ! ) -r.'f‘r(1f J+dx[ﬂ s v

Therefore, by chain rule, Y _o dg ms(xl +5)>< 2x = Z.rcus(x: + 5]
dy dt dx

Alternate method

%[s[n {x’ + SU = COS(,\-* + 5] ;r

p—
Hl\.l
+
Lh

R

Differentiate the functions with respect to x.

cos(sin x)
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Answer

Lelf[x} = {:05{5in x), if[x] =sinx, and 1=[.'] =Cos/f

Then, (vou)(x)=v(u(x))=v(sinx) = cos(sinx) = £ (x)
Thus, fis a composite function of two functions.

Putt=u (x) =sinx

adv . . £
o~ =—[cost|=—sint = —sin(sin x)
di dt
dr o od .
— =—(sinx)=cosx
dx  dx
By chain rule, A = dv dt ==—sin [5in x)-cosx = —cosxsin(sinx)
v dr dx

Alternate method

;x I:::us(:iin x}:l = —sin(sinx)- :i{r (sinx)=—sin(sinx) cosx = —cosxsin(sin x)

Question 3:

Differentiate the functions with respect to x.

sin(ax+b)

Answer

Let /' (x)=sin(ax+b), u(x)=ax+b, and v(t)=sint
Then, (vou)(x) 1’{1;{.\{}] =v(ax+b)=sin{ax+b)= f(x)
Thus, fis a composite function of two functions, u and v.
Putt=u(x)=ax+b

Therefore,

g (sint)=cost = cos(ax +b)

dt dt

dar  d e d
—=—|ax+bh)=—(ax)+—(H)=ag+0=a
dr ra’x[‘ ] rir( ) ra’x[ ]

Hence, by chain rule, we obtain

df = dv- a = cos[ax rb}-:;r:acc:s{ax +h]
v dl dx
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Alternate method

i[sin[ax+b}:|=cos[ax+b].i[ax+b]

X dx
:cns(ax+b]-[%{ar}+%[b}:|

=cos(ax+b).(a+0)

= frms[ax+b}

Question 4:

Differentiate the functions with respect to x.

sec(tan(ﬁ))

Answer

Let f(x)= sec(tan v";)u[x} = \u'q\[r} =tant,and w(s)=secs

Then, (wovou)(x) = n‘[r{n[x}}] - u-[r[\;";)] = u'(tan ﬁ) 3 scc(tan «."';) = f(x)

Thus, fis a composite function of three functions, u, v, and w.

—

Puts=v(r)=tans and 1 = u(x)=+/x

Then. u::r = j{ [suc.';} =secstlans = F.Ec{lunr].lan [lamf} [.‘.‘ = lan f]
ds s
= :sec(lun \-T] lu.n(ian \."';) [f = JJ_(]
j—f ;—i(tam] sec” t = see’ VX
dt d d'(ﬂ ¥y Lo
= x)= x==.xt =
&z &\ )20 Tk

Hence, by chain rule, we obtain
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dtdw ds di
dy ds dr odx

. I
=se-::[lan-.f§]-1an(mnﬂ)xsec \Exw,;
:ﬁmzﬂwc(tanﬂ)tan(mﬁ]
_3&::3 xsec(tanﬂ)tan[lanﬂ]

- 2Jx

Alternate method

i[sec[lan \E” = s;ec(ian q";) lan(mn N x)- d‘ (mn \H)

ek
) of —y odp o
=sec|tan/x |- tan| tan+/x |- sec” [+/x |- J_r
(tan v )-tan (tan ) -see? (V) 2V
T ]
= heL[tdn X ) tan (ldt‘lx. ‘c) seC [W,J. ] i{:
m,[lan \E}- tan [lan x"?].‘it:t:l [ﬁ)
) 2x
Questios
Differentiate the functions with respect to x.
sin(ax+hb)
cos(cx +d)
Answer
' sin[c.rx+h} g{r}
The given function is /(x) = =~~~ where g (x) = sin (ax + b) and
" cos(ex+d)  h(x)
h (x) = cos (cx + d)
o gh—gh'
54 =2

Consider g (x)=sin(ax+b)
Let u{x) = v 4 I‘Lv{f} =sint

Then, (vou)(x)= v{u[x}) =v(ax+b)=sin(ax+b)=g(x)
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~ g is a composite function of two functions, v and v.

Put?=u(x)=ax+b
dr
d_d

d d
o E[axn:-] = E(axﬁa[b] —a+0=a

Therefore, by chain rule, we obtain
. d_g _av _ dt

—_— —:cns{ax+h]-a:utus(w: | h}

de dt odx
Consider hi(x)=cos(ex+d)
Lﬁlp(x):ar+d, q(_}:}zms_r
Then,(gop)(x)= q[p{x]] =g(cx+d)=cos(cx+d)=h(x)

= %{sin 1) =cost = cos(ax+b)

~h is a composite function of two functions, p and g.

Puty=pXx)=cx+d

U (cos3) = siny=—sinfer+)
dy_d “ex)+2

— o L‘f = < ur =

(cx+d) m{ﬁ}"'dx{ )=

Therefore, by chain rule, we obtain

W :# :%%: —=sin(cx+d)xc=—esin(cx+d)
v dv dx
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~acos(ax+b)-cos(cx+d)-sin(ax+b){—csin(cx+d )|

[ms{cx+d]]z
:acuéa(ax+b]+csin[ax+b)_5m[cx+a’]x I
cos(cx+d) cos(ex+d) cos(ex+d)

= acos(ax +b)sec(cx+d)+csin(ax+b)tan(cx +d )sec(cx+d )

Question 6:
Differentiate the functions with respect to x.

cosx",sina(f)
Answer
The given function is cosx?‘,sina{,\‘;)

%[cos x -sin? (x'{” = gin’ {_r"') X ; (cus.r': ] +cosx’ % ;—'x|:5[t13 (x}]

3 | . M- 5
[I'} FC0s X )-(25"'] (.‘L’ 51N Ijil

)

i (e Vo (i vt )
= sin (1 ]x( sinx )kfi\'

4
efx

—
1

= —sinx’ Hinz(x"]xlt: F2sinx” cosx - COSX %
5 3 -.1f 5 5 5 5 3
= —3x"sinx’ -sin’ [1 )+ 2sinx’ cosx’ cosx’® - x5x*

4 = 5 5 3 = 2 s 3 =7 5
= . 5. O o 2
10x7 sin X" COSX COSXY x° 5ln.x” sin [t)

1011 7.

Differentiate the functions with respect to x.

EJcot [Jc2 }

Answer
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%[2, fcot(xl]}
Ji cot

S"‘(I ) x—cosec (x)x-L ()

\I'rmsx'wfrsm x sinx’
22 x
B W2sinx” cos x” sinx”
_ 22 x
* sinx?sin 2%

Question 8:

Differentiate the functions with respect to x.
cm‘-(xf{;)
Answer
Let /' (x) cos(v‘g]
Also, let u(x)= Jx
And, v(r) = cost
Then, (vou)(x)=v(u(x))

()

= cos/x

/(%)

Clearly, fis a composite function of two functions, v and v, such that

!=rr[.r} \J";
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. dtd d ) 1 -
Ihen,é:-(&):a[r |=5x 2

And, @ _ i[cosr} =—sint
df  olf
= Hin(\"’;)

By using chain rule, we obtain

di _dv dt
dy di dx
sin (/x )- 1
-0 {I) 2%
L
——ESIH(‘J’;]
_ sin(v‘fJ_r]
2Jx

Alternate method

%[cos(v‘?” —sin {\.T} i[»ﬁ}

I dx
= —sin(ﬂ]x%{:x!}

. , U
= =5l X X X =
2

_ —sin JT

N,

) 9

Prove that the function f given by

.f'[.r] = |.J.‘— I|, x € R is notdifferentiable at x = 1.

Answer

The given function is f(x)=|x—1/, xeR
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It is known that a function f is differentiable at a point x = c in its domain if both

J h)-
fle+ ’} /(e) and lim fle+ 2 /(e) are finite and equal.
P =+

To check the differentiability of the given function at x = 1,
consider the left hand limit of fat x = 1

i [I+h) ) _ |l+h—]|—|l—l|

im

h=si} Frsli h
= lim |b|_ - lim " (h<0=|H=-h)

Jr—al h bty

= -1

Consider the right hand limit of fat x =1

B |
i f(+h)-r(1) |+h Il-[1-1
h—it* h F.'—-i h
= lim |h_ﬂ= IimE {h}[]:b h|=h}

Je—ir? h I
=]
Since the left and right hand limits of f at x = 1 are not equal, f is not differentiable at x
=1

Que

Prove that the greatest integer function defined by /' (x)=[x],0 <x <3is not
differentiable at x = 1 and x = 2.

Answer

The given function fis f(x)=[x].0<x <3

It is known that a function f is differentiable at a point x = c in its domain if both

fle+h)- e e+ h)-
lim = {ﬁ f} / [ﬁ} and lim / {( Tj f(C] are finite and equal.
f =i} 1 -

To check the differentiability of the given function at x = 1, consider the left hand limit of
fatx =1
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(1+h)=f I+ h)|-|1
i £ 04110 4101
sl h fi—sl
0-1 —I
= lim——= lim —=u
Fe—sll h fr=»l] ;j

Consider the right hand limitof fatx =1

i 20100 [0

h—ll’ ‘fir J‘f—h(l'

Lo 1=1 .
=lim—=1lim0=10
Jp—ld” h—"

Since the left and right hand limits of f at x = 1 are not equal, fis not differentiable at
x=1

To check the differentiability of the given function at x = 2, consider the left hand limit

of fat x = 2

o Sen)-7(2) L [244]-[2]
i) fa—i) h

= 1||1'1u = lim _I =0

= T h
Consider the right hand limit of fatx =1

. f{2+n}—,;'{2} , [vm] [2]

=l ,f;r -'.' -IZI

2=2
= lim =lim=0
[ h h—l)

Since the left and right hand limits of f at x = 2 are not equal, f is not differentiable at x

=2
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