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[Exercise 11.2|

Q1. Show that the three lines with direction cosines E_—Sjigiijg are mutually
13 13 13 13 13 13 13 13 13

perpendicular.
A.1. Two lines with direction cosines I, m, n and Iz, mz, nz are perpendicular to each other, if |1, + mm, +nn, =0.

Now, for the 3 lines with direction cosine,
12 -3 4 nol4 12 3

13'13 13 13'13'13

12 4 (-3) 12 (-4) 3
LI, +mm,+nn, :EXE+—13 XE+_13 ><E

48 36 12
169 169 169
=0

Hence, the lines are perpendicular.
For lines with direction cosines,

4123 -4 12

4 ’12’ 3 ndi, ’

13'13'13 13 13 13

I1I2+mlm2+n1n2=i><i+g><ﬂ+ixE
13 13 13 13 13 13

_12 48 36
169 169 169
=0

Hence, these lines are perpendicular.
For the lines with direction cosines,

3 412 d12 -3 4

13/ 13 T5amio TaR 13
I, + mm, +nn, = = x 12, (4) (-8) 12 (4)
13 13 13 13 13 13

_ 36+12-48
169
=0

Hence, these lines are perpendicular.
Therefore, all the lines are perpendicular.

Q2. Show that the line through the points (1, —1, 2) (3, 4, —2) is perpendicular to the line through the points (0,
3,2)and (3,5, 6).
A2. Let AB be the line joining the points (1,-1,2) and (3,4,—2) and CD be the line joining the point (0,3,2) and

(35,6).
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(3-12).(4-(-1)).(-2-2)
—(2,5,-4)
(3-0),(5-3),(6-2)

= (3,2,4)

AB and CD will be perpendicular to each other, ifa,a, +bb, +cc, =0

The direction ratios, a, b, c of AB are

The direction ratios a,,b,,c, of CD are

:2><3+5><2+(—4)><4
=6+10-16
=0

.. Therefore, AB and CD are perpendicular to each other.

Q3. Show that the line through points (4, 7, 8), (2, 3, 4) is parallel to the line through the points (-1, -2, 1), (1,
2,5).
A.3. Let AB be the line through the point (4,7,8) and (2,3,4)and CD be line through the point (-1,-2,1) and

(12,5)
Direction cosine, a;,b,,c, of AB are
=(2-4),(3-7),(4-8)
= (—2,—4, —4)

Direction cosine, a,,b,,c,of CD are

(1-(-1).(2-(-2)).(5-1)

(2,4,4)

AB will be parallel to CD only

Here, o

a b, ¢

Therefore, AB is parallel to CD.

Q4. Find the equation of the line which passes through the point (1, 2, 3) and is parallel to the
vector 3i +2] -2k
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A.4. Given,

The line passes through the point A(l, 2,3).

Position vector of A,

— &

a=1+2]+3k
Let b=3 +2]-2k

The line which passes through point & and parallel to b is given by,

A ~ . _~,Where A isconstant
=i 2]+3k+ﬂ(&-+2j—2k)

Q5. Find the equation of the line in vector and in Cartesian form that passes through the point with position
vector 2i + j+4k and is in the direction | +2j—k

AB. The line passes through the point with position vector, a=2i — j+4k————— )

The given vector: b =i+2j—-k————— (2)

The line which passes through a point with position vector @ and parallel to b is given by,
F=a+ib

Fz2f—j+4ﬁ+ﬂ(f+2i—ﬁ)

.. This is required equation of the line in vector form.
Now,

A 2 =
|

-y +zk

= Xi —Yj+ 2k =(1+2)i +(22-1) j+(-A+4)k
Comparing the coefficient to eliminate A,

X=A4+2,x=2a=1
y=241-1Ly,=-1b=2
Z=—-A+4,2,=4,c=-1

Xx-2 y+1 z-4
1 2 -1
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Q6. Find the Cartesian equation of the line which passes through the point (-2, 4, —5) and parallel to the line

X+3 y-4 z+8

iven b
g y 5 5

A.6. Given,
The point(-2,4,-5).
The Cartesian equation of a line through a point (xl, Vi zl) and having direction ratios a, b, ¢ is

X=X _Y=-Y¥_2-%
a b C

Now, given that

X+3 y-4 z7+8
3 S

is parallel
to point(-2,4,-5)

Here, the point (X, Y,,z) is (-2,4,-5) and the direction ratio is given bya=3,b=5,c=6

.. The required Cartesian equation is

X-5 y+4 >z

Q7. The Cartesian equation of a line is 5 .

;6 Werite its vector form.

A.7. Given,
Cartesian equation,

X-5 y+4 z-6
3 vi 2

The given line passes through the point (5,—4,6)

i.e. position vector of & =5i —4 ] +6k

Direction ratio are 3, 7 and 2.

Thus, the required line passes through the point (5, —4, 6) and is parallel to the vector 31 +7] + 2K .

Let 1 be the position vector of any point on the line, then the vector equation of the line is given by,
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r=(5f—4j+6|2)+/1(3f+7j+212)

Q8. Find the vector and Cartesian equations of the line that passes through the origin and (5, -2, 3).
A.8. The required line passes through the origin. Therefore, its position vector is given by,

a=0.... @

The direction ratios of the line through origin and (5’ -2, 3)

(5-0)=5(=2-0)=-2(3-0)=3

are

The line is parallel to the vector given by the equation, b=51-2]+3K

The equation of the line in vector form through a point with position vector a and parallel to b
is F: a+/16,ﬂ,€ R
:>F:6+}t(5?—2j +3k)
:>F=/1(5i—2j +3k)

The equation of the line through the point (%, Y1,2,) and direction ratios a,b,c Is given by,
X=X _Y=¥%_2-%4

a b c
Therefore, the equation of the required line in the Cartesian form is

x-0 y-0 z-0
5 —2 3

Y
-2

Q9. Find vector and Cartesian equations of the line that passes through the points (3, -2, —5), (3, -2, 6).
A9.

Let the line passing through the points, P (3, =2, —5) and Q (3, —2, 6), be PQ.

Since PQ passes through P (3, —2, —5), its position vector is given by,

a=3i—2j—5k

The direction ratios of PQ are given by,

(83-38)=0(-2+2})=0 (6+5) =11

The equation of the vector in the direction of PQ is

b=0i-0.j+11k =11k

The equation of PQ in vector form is given by, r=a+ib,1eR

:>F=(5i—2j—5k)+11,1k
The equation of PQ in Cartesian form is
X=X _Y=¥_2-4

a b C e

X-3 y+2 z+5

o 0 1

Q10. Find the angle between the following pairs of lines:
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(i)f =2i 5] +k+/1(3€—2j +6k)&F=7€-6k+y(i+2j +2k)
(i)r =3i+ j—2k+A(i- j—2K) &r =2i - j-56k + (31 -5~ 4k
A.10.
(i) Let Q be the angle between the given lines.

b1.b,

b |p|
The given lines are parallel to the vectors, b =3i+2j+6k &b, =1+2j+2k , respectively.
“Jbi| =3+ 27 467 =7

lo2| = @7 +(2)" +(2)° =3

D12 =(3i+2j+6k).(?+2j+2k)

=3x1+2x2+6x2

=3+4+12
=19

cosQ =

The angle between the given pairs of lines is given by,

—> C0osV =
Q 7x3

19
=Q=cos*| =
Q=cos’( 3

(ii) The given lines are parallel to the vectors, by =i— j—2k &b, =3?—5j —4k respectively
bi=i—j—2k &b, =31 -5] -4k

[ = (@) + (-1 +(-2)° =6

[b2| = (@2 +(-5)" +(~4)° =50 =52
b1.b2 =(i—j—2k).(3€—5j—4k)
=1.3-1(-5) - 2(-4)

=3+5+8
=16
cosQ—&
‘blez‘
CeosQo 16 __ 16 16
652 24352 1043
:>cosQ—i
5.3
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Q11. Find the angle between the following pair of lines

(i)X_2= y—1: z+3&x+2: y—4: z-5
2 5 -3 -1 8 4
(i)>=2=
y

_ _E&X—5:y—222—3
2 1 4 1 8

A.ll.

X—-2 y—l_z+3&x+2_ y-4 17-5

(i) Let b1 and D2 be the vectors parallel to the pair of lines, 2 5 3 -1 8 4
, respectively.

b =2i+5j—3k &b, =—i+8]+4k

[ = y/(2)° +(5) +(-3)" =38

lb2| = \/(-2)? +(8)° +(4) =B1=9
bu.b2 =(2?+5j —3k).(—i+8j +4k)
= 2(-1) +5x8+(-3).4

=-2+40-12
=26

The angle, Q, between the given pair of lines is given by the relation,

cosQ = @
‘blez‘
= c0sQ = %

=SQI=Cowre (AJ
9/38

(ii) Let by, b, be the vectors parallel to the given pair of lines,

X_y E&X_Szy_zzz_s,respectively.
y 2 15 4 1
,=2i+2j+k &bz =4i+ j+8k

~Joi|=y(2)° + (2 + (1) =B =3

[b2| = /4% +1° +8” = B1=9

51.52=(2f+2j+k).(4?+j+8k)

=2x4+2x1+1x8

=8+2+8

=18
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If Q is the angle between the given pair of lines, then cosQ = bs.D

p= and = = 6~z are at right angles.
2 2 3p 1 5

Q12. Find the values of p so that the lines 1;)( =7y—14 z-3 7-7x _y-=>5

A1 1-Xx :7y—l4: 2—3and 7—7x: y—5: 6-12
3 20 2 3p 1 5

The standard form of a pair of Cartesian lines is;

X_Xizy_Y1=Z_21and X_X2=y_y2 -1,

=—2-————- @
a1 bl Cl a2 b2 C2

So,

—(x—l)_?(y—S)_z—3and—7(x—1)_y—5_—(z—6)
3 2p 2 3p 1 5

x-1 y-2 z-3 x-1 y-5_z-6_ @)

-3 2pl7 2 3pl7 1 -5

Comparing (1) and (2) we get
a1=—3’bl:2—p,C1=2

7
a, =_37’0,b2 S C, 7P

Now, both the lines are at right angles

So, aa, +hbb,+cc, =0

= (-3)x (_3p)+27p><1+ 2x(-5)=0

:>9—'0+2—'0+(—10)=0
7 7
N 9p+2p _
7
—11p =70
70

10

11
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.. The value of pis 0
11

Q13. Show that the lines x=3 = y+2 = Eand§ _y_z are perpendicular to each other.
7 S5 1 1 2 3
X-5 y+2 2
Atz 7 51
X y 2
1 2 3

Direction ratios of given lines are (7,-5,1) and (1,2,3).

a=7Db=-5c¢=1

i.e.,
a,=1b,=2,c,=3

Now,

=aa, +hbb, +cc,
:7x1+(—5)><2+1x3
=7-10+3

=10-10

=0

.. These two lines are perpendicular to each other.

Q14. Find the shortest distance between the :(f+2j+|2)+/1(f+ ]+k) and F =2 + J°+I2+/,z(2f+ i+21€) lines

A.l4.

Solution. Comparing (1) and (2) with =4, + /151 and r=a, + ,uBz respectively.

We get,
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B
[ -1 ]
J 2 1 .2

=(2-1)i—(2-2)j+(1+2)k

=-3i +3k

.6, = (-3) + (3 =v@+8=1B=3/2
b, xb,).(8, ~4,) = (~31 +3K) (i -3] - 2K)
--3-6

x+1 y+1 z+1 x-3 y-5 z-7

Q15. Find the shortest distance between the lines and
—6 1 1 -2 1

x+1 y+1 z+1

" x-3 _y-5 z-7
1 -2 1
Shortest distance between two lines is given by,
—
x)—X) H}"%I Koy =K
ay b C

s e e &
ba CN*>+ (€2 =C2 a + (2,52 -42@7;
/

= \v/[b/fz—
— 7

Comparing the given equation we have
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==Ly =-1z=-1
a=7b=-6¢c-=1
X,=3,Y,=512,=7
a,=Lb,=-2,c,=1

Then,
[6+1) (5+1) (F+))]
E: - /|
I 23 W,
| 9 6 g |
|7 -6 /]
[ 7- -2 ]|

=4(-6+2)-6(7-1)+8(-14+6)
—_16-36-64
=-116

And

= \/(blcz - bzcl)z +(C1a2 —0281)2 +(a1b2 - azbl)z
= J(-6+2) +(1-7) +(-2+6)
=16+36+16 =116 = 24/29

Now,

1 P -58./29
2429 29 29
d=-229

d= 229 as distance can’t be negative.

Q16. Find the shortest distance between the lines whose vector equations are

ral

F=(f+2]+3l€)+;t(| +3]+2I€)

and r=4f+5i+612+y(2f+3j+12)
A.16.

Here, comparing (1) and (2) with r =&, +151 and r =4, +,ut32 , We have
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a, =i+2j+3kb =i-3]+2k
a, =4 +5]+6k,b, =21 +3] +k

Therefore,
a,-4a =3 +3j+3K { P f\ f@“ }
E(bS—G)—j(l—4)+l2(3+6) } / :5 - l
=-97 +3]+9% /2 2 / T
Ib,xb,| = /(-9)" +(3)° +(9)° = VBL+9+81
=171
=3J19
So,
Here, the shortest distance between the given lines is given
4 _|(BxB:)(2:-4)
‘blxbz‘ ‘
(—9f+3j+9|2)(3f+3j+312)‘
- 319 ‘
_|-2r+9+27] 9
319 | 3419
3
Ji9
Q17. Find the shortest distance between the lines whose vector equations are
r=(1-t)f +(t-2) j =(3-2t)Kand
7= (s+1)i+(25-1) j= (25+1)K

(1-t)i+(t-2) j+(3-2t)k
F=i—ti+tj—2]+3k—2tk
=

r

= 2]+3k+t(—f+j—2l2) ————— Q)
=F=(s+1)i +(25-1) j-(2s+1)k
F=si+i+2sj— j—2sk—k
r:f—j—k+s(|’+2j—2|2) _____ @

Here,
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—(2+2)j+(-2-1)k
—4j-3k

b, xb,| = {[(2)” +(—4)" +(-3)°
=J4+16+9

=29

~(Bixb,).(8, —a) = (27 4] -3k).(] - 4K)
——4+412

-8

-5
>

Hence, the shortage distance between the line is given by
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