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Miscellaneous Exercise

Q1. For each of the differential equations given below, indicate its order and degree (if
defined):

2 2
(i)d—y+5x(ﬂ) -6y =logX

dx’ dx
(ii)(%j3 —4(%)2 +7y =sin X
(iii)%—sin%=0
A.l.
d’y

2
—2+5x(ﬂj -6y =logx
(i) Given: Differential equation 9 dx
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d’y
The highest order derivative present in this differential equation is 9%" and hence order of this
differential equation if 2.

The given differential equation is a polynomial equation in derivatives and highest power of the
d’y
highest order derivative dx is 1.

Therefore, Order = 2, Degree = 1

(ﬂf - 4(ﬂj2 +7y =sin X
(i) Given: Differential equation \ 9 dx

dy
The highest order derivative present in this differential equation is dX and hence order of this
differential equation if 1.

The given differential equation is a polynomial equation in derivatives and highest power of the
dy
highest order derivative dx is 3.

Therefore, Order = 1, Degree = 3

4 3
d y—sinu=0

(iii) Given: Differential equation dx* dx’

d'y
The highest order derivative present in this differential equation is 9X* and hence order of this

differential equation if 4.

The given differential equation is not a polynomial equation in derivatives therefore, degree of this
differential equation is not defined.

Therefore, Order = 4, Degree not defined

Q2. For each of the exercises given below verify that the given function (implicit or explicit) is
a solution of the corresponding differential equation:
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2
(i)yae2+beX+x2:lele+23—i—xy+x2 -2=0
2
(ii)y:ex(acosx+bsinx):%—2%+2y:0

d’y
(iiy = Xsin3X:F+9y—6COS3X=0
X

(iv)x> =2y’ logy: (X* + yz)%—xy =0

A2,
(i) yae’ +be™ +x°

Differentiating both sides with respect to x, we get:

d d /. d, d
e () ()
:ﬂ:aex—befuzx

dx

Again, differentiating both sides with respect to x, we get:

d’y

e =ae’ —be ™ +2x
X

dy d’y
Now, on substituting the values of dX and dx* in the differential equation, we get:

L.H.S

2
d ¥+2ﬂ—xy+x2—2
dx dx

= x(aeX —be™* +2)+2(an —be™* +2x)—x(aeX +be ™ + x2)+ )

X

= (xaeX —bxe™* + 2x)+(2aeX —2be™* +4x) —(axeX +bxe ™ + x3)+ )

=2ae* —2be * + x> +6x -2
#0

Therefore, Function given by equation (i) is a solution of differential equation. (i1).

(ii) y=e"(acos x+bsin x) = ae* cos x +be* sin x

Differentiating both sides with respect to x, we get:
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ﬂ:a.i(ex cosx)+b.i(eX sin X)
dx dx dx
:>ﬂ=a(excosX—eXsinx)+b.(exsinx+excosx)
dx
dy X .
:>&=(a+b)e cosX+(b—a)e”sinx

Again, differentiating both sides with respect to x, we get:

d’y
dx?

d d .
—(a+b).&(e cosX)(b—a)&(e sin X)

2
3%=(a+b)[ex (,‘,OSX—eX Slnx:|+(b_a)':ex SinX+eX COSX]

2
= % =e* [(a+b)(cosx—sin X) + (b —a)(sin X + cos x)]
X
d’y
= e =g [acosX—asinX+bcosx—bsinX+bsinX+bcosx—asinx—acosx]
X
2
= 3 2/ = [2ex(bcosx—asin x)]
X
cy
Now, on substituting the values of dx* and dx in the L.H.S of the given differential equation, we
get:
d_zy +2 d_y +2
o ax Y

=2¢e*(bcos X —asin x) —2e* [(a+b)cosX+(b—a)sinX]+2ex(ac0sx+bsinx)

e*[(2bcos x—2asin X) —(2a cos X+ 2b cos X) — (2bsin X —2asin X) +(2acos X +2bsin x)]
[(Zb —2a-2b+2a)cos X] +e* [(—2a—2b +2a+2b)sin X]

X
0

Therefore, Function given by equation (1) is solution of differential equation (i1)

(iii) y = Xsin3Xx

Differentiating both sides with respect to x, we get:

@ _ i(xsin3x) =sin3X + X.cos 3X.3
dx dx
= ﬂ =sin3X+3Xcos3X

dx
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Again, differentiating both sides with respect to x, we get:

d’y
dx?

= i(sin 3X)+ 3i(x cos 3X)
dx dx

2
=

5 g =3cos3X+ 3[cos 3X+ X(—sin3x).3]
X

2
d ¥6cos3x—9Xsin3X

d’y
Substituting the value of 9%’ in the L.H.S. of the given differential equation, we get:

dzy
dx?
= (6.cos3X—9xsin3X) +9xsin3X —6cos3x

=0

Therefore, Function given by equation (1) is a solution of differential equation (i1).

(iv) X’ =2y’ logy

Differentiating both sides with respect to x, we get:

2X=2.%=[y2 log y}

d 1d
{Zylogyd—y+y y d—ﬂ

= x:—y(2ylogy+ Y)
dx
jd_y:;
dx y(d+2logy)

dy
Substituting the value of dX in the L.H.S. of the given differential equation, we get:
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(x2 + yz)%—xy

~(2y’1 N—r
( ylogy Ty ) y(1+2logy) i
— v (1+2log ) —
y*(1+2log y) MEST
= Xy — Xy
=0

Therefore, Function given by equation (i) is a solution of differential equation (i1).

Q3. Form the differential equation representing the family of curves X=3 +2Y" =2 where a
an arbitrary constant.

A.3. Equation of the given family of curves is (X~ +2y" =2’

(x—a)’+2y*=a’
= X’ +a’—2ax+2y’ =a’

Differentiating with respect to x, we get:

) d_y: 2a—-2x
dx 2
dy a-x
dx 2y
LUy _2a-2x )
dx 4xy

From equation (*1), we get:
2ax =2 y 1.’
On substituting this value in equation (3), we get:

dy 2y’ +x-2x’

dx 4xy
2 2
N dy 2y"—x
dx 4xy
ﬂ B 2y2 _ X2
dx 4xy

Hence, the differential equation of the family of curves is given as
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x> —y? :c(x2+y2)2

Q4. Prove that is the general equation of the differential
3 2 — (3 _2y2
equation (X Xy )dx (y 3 y)dy where c is a parameter.
Ad4.
dy x'-3xy’
d_y = 3—)2/ .......... (1)
X y =3Xy

This is a homogenous equation. To simplify it, we need to make the substitution as:
y = VX

d d

—(y)=—(WX
= ix (y) dx( )

dy dv

=L =V4+X—
dx dx

Substituting the values of y and % in equation (1), we get:

dv X =3x(vx)’

V+ =
dx  (vx)’ =3x*(vX)
dv 1-3v*

SV X—=

dx Vv'-3v
d_v_1—3v2_
dx Vv'-3v
dv 13V’ —v(v' -3v)
dx v:—3v
dv_ 1-v*
dx Vv’ -3v

Integrating both sides, we get:

3_
j(vl i"jdv: log X +10gC nrron(2)
-V

o [ 5 Jo =0

3

v’ —3v vidv vdv
:j[l_v4 jdv:I1—3I2,Where,ll:Iwandlzzj.l SR 3)
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Let,1-v* =t.
d .. dt
S—(1=-Vv)=—
dv( ) dv
dt

= 4V’ = —
dv

=Vvidv= _at
4

Now, I, = j—% =—logt = —ilog(l—v“)

vdv vdv
1= [0
Let,v’ = p.
d . _dp
So—(Vv ) =—
dv( ) dv
:>2v:d—p
dv
:>vdv:£
2
2
|2=l dp2:1 1+p|:llog1+v2
201-p* " 2x2 Cll-p| 4 “[I-v

Substituting the values of I, and 1, in equation (3), we get:

1+V?
1-al¥

v —3v 1 3
dv =——log(1-v")—=1lo
I(l—v“] 4 8=V loe

Therefore, equation (2) becomes:
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1 3 1+V?
—log(1-vH)==1o
2 g( ) 21083

2
:—ilog{(l—v“)(lﬂ/ ﬂzlogC'x

=logx+logC’

1-v?
- (1+V2)4 =(C'X) 4
(1-v)
P 4
&
= y2 2= Cix*
%)
(x2+y2)4
1

:>(X2—y2):C'2(X2 +y2)2
=X -y :C(x2+y2)2,whereC =C*

Hence, the given result is proved.

QS. For the differential equation of the family of the circles in the first quadrant which touch
the coordinate axes.

A.5. The equation of a circle in the first quadrant with centre (a, a) and radius (a) which touches

the coordinate axes is:

(x-afr(y—a)y=a....... (1)

Differentiating equation (1) with respect to x, we get:
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2(x—a)+2(y—a)%:0

= (x-a)+(y-a)y =0
= X—-a+yy —ay =0
=Xx+yy —a(l+y)=0
X+yy
1+y
Substituting the value of a in equation (1), we get:

[x—[“ yyﬂ2 J{y_[x+ yyﬂ2 =(x+ yyj2

I+y I+y 1+y

(5] 52
a+y) 1+y 1+y

= (X=y)"y  +(x=y) =(x+yy)’

= (X=y)[1+(Y) |=(x+yy)’

=a=

2 N '\2
Hence, the required differential equation of the family of circles is Y D ) ] =)

Q6. Find the general solution of the differential equation
2
d_y+ 1__y — 0
dx \} 1-x°
A6.

dy L=y
Given: Differential Equation 9 V1-X

2

_, Ol

dx 1-x°
i dy Z —dx
Niesr S

Integrating both sides, we get:

sin”'y =—sin"' x+C

=sin”' X+sin"'y=C

2
Q7. Show that the general solution of the differential equation dy Yy +y+l

VR =0 is given by

(X+y+DAI=X=y=2XY), where A is parameter.
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A.7.

2
Given: Differential equation @, y2+—y+l =0
dx X" +x+1

2
dy, Yyl
dx X" +x+1

2
Oy Ay+D

dx X +X+1
dy  -—dx
V+y+l xP4x+1
dy dx

= 0

2 T3 =
y +y+1l X+ x+1

Integrating both sides,

dy dx
+ =C
Jy2+y+1 -[x2+x+1

:>\/_tan1 \/§2 +$tan*1 32 =C
2 2
:tan‘l_w}+tan{2x+l}:ic
L3 NE) 2
i 2y+1, 2x+1
— tan \/g \/g =\/§C
l_(2y+1) (2x+1) 2
B3
i 2X+2y+2
= tan”' \/g =\/§C
1_(4xy+2x+2y+1) 2
3
= ! 23(x+y+1) }:ﬁc
| 3—4xy—2x-2y-1 2
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:>tan_l[ Bx+y+1) }: 3C

2(1-x—y—2xy) 2
\/§(X+ y+1) = tan(@] = B,where, B :tan(@j
2(1-x—-y—2xy) 2 2
2B
=S X+Yy+l=—F

\/§(1_ Xy —2Xy)

= X+ y+1=A(l—x—y—2xy),where,A:E

NE)

Q8. Find the equation of the curve passing through the point (0,7/4), whose differential
equation is sin x cos y dx + cos x sin y dy = 0.

A.8. The differential equation of the given curve is:
sin X cos ydX + cos X sin ydy =0

_, sinXcos ydx + cos X sin ydy 0
Cos Xcos Y
= tan Xdx + tan ydy =0

Integrating both sides, we get:
log(sec x) +log(sec y) =logC

log(sec x.sec y) =logC

=secX.secy =C.......... Q)

o3
The curve passes through point \ 4
SIx \/5 =C
—=C=+2

On subtracting C =+/2 in equation (10, we get:
secXx.secy = \/5

Y 1 b v =2
cosy

sec X

—> COSVY =
IERC

Q9. Find the particular solution of the differential equation (1 +e2x)dy + (1 +y2)exdx=0,
given that y = 1 when x = 0.

A.9.

(1+€™)dy+(1+y” )e'dx =0

dy e*dx
——+

1+y> 1+e*

Integrating both sides, we get:

=0
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e*dx
1+e*
Let,e* =t = e** =t?

tan”'y + J. =Cun. )]

d, dt
=585
ot
= =—
dx

= e*dx =dt
Substituting these values in equation (1), we get:
dt

1+t
=tan”' y+tan't=C

tan”' y + I

= tan”' y+tan'(e*)=C.......... (2)
Now,y=1Lat,x=0
Therefore, equation (2) becomes:
tan'1+tan'1=C

Y/

=>—+—=C
4 4

T

=>C=—
2

T

c==2

Substituting 2 in equation (2), we get:
tan”' y+tan~'(e¥) = %

This is the required solution of the given differential equation.

Q10. Solve the differential equation: ye'dx = {xey -+ szdy(y #0)
A.10.
ye'dx = [xey X szdy

X X

:>yeygl—x:xey+y2
y
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X

Let,ey =2
Differentiating it with respect to y, we get:

y 3
21 7d dz
—e’ ;’2 =gy )

From equation (1) and equation (2), we get:
dz

iy |

dy
= dz=dy

Integration both sides, we get:
z=y+C

:>e§y+C

Q11. Find a particular solution of the differential equation (x —y) (dx + dy) = dx — dy, given
that y = -1, when x = 0. (Hint: put x —y =t)

A1,

(X=y)(dx+dy)=dx—dy

= (X=y+Ddy =(1-x+y)dx

:ﬂzl—x+y
dx x—-y+1

—, Cul= 105
dx 1+(xX-Y)

Let,x-y=t

d dt
= —X=-y)=—
dx( y) dx
_ Gy _dt
dx dx
:l—ﬂ:d—y
dx dx

Substituting the values of x—y and g_y in equation (1), we get:
X
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jdt_ 1ot
dx 1+t

dt (l_tj
= —=1-|—
dx 1+t

Lt _a+n-a-b

dx 1+t
d_ ot
dx 1+t

N (ltﬂ dtj —2dx

= (1+%) dt = 2dx..........(2)

Integrating both sides, we get:
t+log|t| =2x+C

= (x—y)+log|x—y|=2x+C

= log|x—y|=x+y+C...... 3)
Now,y=—1,at,x=0

Therefore, equation (3) becomes:

logl=0-1+C

=C=1

Substituting C =1 in equation (3), we get:

og|x—y|=x+y+1

This is the required particular solution of the given differential equation .

Q12. Solve the differential equation: ey |ox_ 1(x #0)
' e VRN R Y
A2,
g2 AP %_1
Jx o x |dy
,2,\/;
Oy R Y
dx  x o Jx
,2\/;
Ay, y e
dx Vx o Jx
This equation is a linear differential equation of the form
ﬂ+ Py = Q,where, P —L&Q ——eim
dX b b \/; \/;

1
X —d
Now,l.erjpd =ej*ﬁxze2*ﬁ

The general solution of the given differential equation is given by,
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y(1.F) = [(Qx1.F.)dx+C
3%

Jx e 2%
= ye’ :I(Txe de+C
X

N 1
= ye’ :j—dx+C
JIx

= ye* =2Jx +C

Q13. Find the particular solution of the differential equation % + Yy cot X =4Xcosecx(X # 0)
X

given that y = 0 when x = n/2

A.13.
The given differential equation is:

ﬂ+ y cot X = 4X cosecx
dx

This equation is a linear equation of the form

ﬂ-F Py =Q,where, p =cot X & Q = 4xcosecx

dx

Now, I.F = ol PO _ gleonax _ glodsin] _ i1
The general solution of the given differential equation is given by,
y(1L.F)=[(@QxI.F.)dx+C

= ysinx = j(4x cosecx.sin X)dx+C

= ysinx:4J.xdx+C

X2
= ysinx=4.7+C

= Y sin YR (1)
Now, y = Oat, X :%

Therefore, equation (1) becomes:

0 =2 248Q
2
2
-C=-2
2

2

Substituting C = —% in equation (1), we get:

2

T
sinx=2x* -
y 2

This is the required particular solution of the given differential equation.
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Q14. Find the particular solution of the differential equation (x+1)% =2e” -1 given thaty =0
X

when x =0
A.14.

(x+1)g:2e’y -1
dx

dy  dx
2V -1 x+l
e’dy  dx
2-¢’ x+1

Integrating both sides, we get:

e’dy
Jz—ey =log|x+1|+logC........(1)

Let2—e’ =t
.-.i(z—ey):ﬂ
dy dy
=-e'= dt
dy
= e’dy = —dt

Substituting this value in equation (1), we get:
I_Tdt =logog|x+1|+logC

= —log|t| = log|C(x+1)

= —log|2-€’| = log|C(x+1)

1
= o =C(x+1)

Now, at x=0& y=0, equation (2) becomes:
=2-1= l
C
—pEret
Substituting € =1in equation (2), we get:
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2—e)=——
X+1
y 1
=>e'=2——
X+1
g 2X+2-1
e
X+1
ey_2x+1
X+1
= y=log 2x+1 ,(Xx#-1)
+1

This is the required particular solution of the given differential equation.

Q15. The population of a village increases continuously at the rate proportional to the number
of its inhabitants present at any time. If the population of the village was 20,000 in 1999 and
25,000 in the year 2004, what will be the population of the village in 2009?
A.1S5.
Let the population at any instant (t) be y.
It is given that the rate of increase of population is proportional to the number of inhabitants at any
instant.

e

Y

d

= d—i’ =ky (ks constant)

:>d—y=kdt
y

Integration both sides, we get:

In the year 1999,t =0 & y =20000.

Therefore, we get:
log20000=C.......... 2)
In the year 2004,t=>5& Yy =25000.

Therefore, we get:
= 1log 25000 = 5k +10g 20000

=5k = log(M) =log (éj
20000 4

In the year 2009,t =10years
Now, on substituting the values of t, k, and C in equation (1), we get:
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logy=10x %log(%j +10g(20000)

2
=logy= log{20000 X (%) }

sy =20000x x>
4”4

— y=31250
Hence, the population of the village in 2009 will be 31250.

Choose the correct answer:

Q16. The general solution of the differential equation yox—xdy _ 0 is:

Ay =c
(B)x =cy’
(C)y = cx
(D)y =cx’

A.16.
The given differential equation is:
ydx — xdy _0

y

Xy
= 1 dx— ! dy=0
X y

Integration both sides, we get:
log|x|—10g|y| =logk

X

= log|—|=logk

:>sz

Lyl
k

= y =Cx,where,C :é

Therefore, option (C) is correct.
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Q17. The general equation of a differential equation of the type g—§+ Px=Q,is:

(Wyel™ = | LQleJ " oy

(B)ye ™ = ( jdx+C
e

©el™ — [[Qel™
(D)x. JP‘"‘_( IP1"X)dx+c

A.17.

The integrating factor of the given differential equation g_x +Px=Q,

The general solution of the differential equation is given by,
x(1.F.) = j(Qx ILF.)dy+C

= xel™ = _[(Qlej o jdy +C

Hence, the correct answer is C.

Q18. The general solution of the differential equation & 9+ (V&' +2X)dx=0 jg

(A)xe’ +x* =C
(B)xe +y*=C
(C)ye* +x* =C
(D)ye’ +x*=C

A.18.

The given differential equation is:
e*dy +(ye* +2x)dx =0

« dy

=e = +ye"+2x=0
X

= ﬂ+ y=-2xe"
dx

This is a linear differential equation of the form

3y +Py=Q,whereP=1&Q =-2xe™"
X

Now, |.F.= eIPdX = eIdx =e*
The general solution of the given differential equation is given by,
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y(|.|=.)=j(Qx ILF.)dx+C

= ye* = I(—zxe’x.ex)dx +C

= ye* :—jzxdx+C

= ye*=-x"+C

= ye*+x*=C

Therefore, option (¢) is correct.
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