Www.toppersguru.com

Miscellaneous

(3x2 —9x+ 5)9

Ql.
9
ad et Y= (3¢ ~9x+5)
d d
. d—i =9(3¢? —9x+5)8&(3x2 ~9x+5)

=9(3x> ~9x+5) x(6x—9)

= 27(3x2 —9x +5)8 (2x-3)

Q2. Sin’ x+cos’ x
A2, Let Y =Sin" x+cos’x

dy_d

» dX(sin3 X + cos® x)
So,

) d . d
=3sin? x—sin X + 6¢0s° x—c0s X
dx dx

=3sin? xcos x — 6.cos® xsin x

= 3sin XCos x(sin x—Zcos“)

Q3' (5X)30052x

)3cosz><

A3, et V75X

Taking log,
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log y =3cos 2x[log5x]

Differentiating w r t. x,

1dy_ 3costiIogSX +3Iog5xic052x
y dx dx dx

=3 cost-ii(Sx)— log5x x sin 2x£2x
5x dx dx

gdy =3y|:C052X><£— log5x-sin 2x-2}
dx 5x

=3(5x)""" [cos 2X _2sin2xlog SX}
X

Q4. sin’l(x\/;),OSXsl

Ad. Lety :sinfl(x\/;) —sin® (XS/Z)

cos‘lg

Q5. 2<x<2
N2xX+7

A5, Let y= %5 X2

N2X+7
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«/2x+7£cos’15—cos’151 2X+7
dx 2 dx

dy 2
So, —== 5
dx (\/2x+7)
-1 d(x X 1 d
S+ 7| | A lecost ik = T (2x+7
X+ > dx(zj cos 2><2 2x+7dx( X+7)

2X+7

2 1 X 1
—N2X+T7| —— [x = —c0s" S x — =2
Ja—x | 2 2 2J2x+7

2X+7

—(\/2x + 7)2 —cos™ 2\/4 X’
Ja=x (2x+7)"

2a+7+\4-x cos‘lg
NIE'S (2x+7)%

cot? \/1+s!n X +\/1—s!nx N
J1+sinx —~/1—sinx

e _cotv{«/lﬁtsin X ++/1—sin x}

J1+sinx —«/1—sinx

» X ., X . X X o X ., X . X X
COS° —+SIn“ = +2sin —c0S— —, [CO0S” — +SIN° — — 2SIN —C0S —
2 2 2 2 2 2 2 2

y=cot™

\/coszX+sin2X+25inxcosx—\/coszx+sinzx—25inxcosx

2 2 2 2 2 2 2 2
; — a2 X in2 X

Putting 1=cos 2+sm A

and sinx = Zsin%cos%
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X oxY x . xY
cos_+sin_ | +,[l cos_——sin_
2 2 2 2

2 2

X . X X . X
cos_—+sin_— | —,[| cOS_——sin_

\/( 2 2) \/( 2 2)

X . X X . X
COS—_ +sIn_+CoS_ —sin_
2 2 2 2

= y=cot?

=cot™

X . X X . X
COS— +sin_—cos_ +sin_
L 2 2 2

=cot™

Q7. (log x)"*, x>1

A.7. Let y = (log x)"™"
Taking log,
log y =log xlog(log x)

Differentiating w r t. x, we get,

1dy =log xi log(log x) + log(log x)i(log X)
y dx dx dx
=log x x ! ilogx+w

I dx X
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_ 1 N log(log x)
X X

Y _ Y11+ 1og(log X)].
dx x

_ (log x)*" {1+ Iog)flog x)}

Q8. cos (acos x + bsin x), for some constant a and b.

A.8. Let y=cos(acosx+bsinx)
dy . . d .
So, — =-sin(acos x + bsin x) — (acos x + bsin x)
dx dx

=—sin(acos x + bsin x)[-asin x + bcos x].

=sin(acos x + bsin x)(asin x —bcos x)

. inxe i 3n
Q9. (sin x—cos x)©™ COSX)’Z< X<

A.9. Let y=(sinx—cosx)"™
Taking log,
log y = (sin x — cos x) log(sin X — cos x).

Differentiating w r t ‘x” we get,

Gl =(sin x—cosx)dlﬂ(sin X —cosX) + log(sin x—cosx)i(sin X —COSX).
y dx dx dx
= (sinx —cos x)x;x(cosxwin X) + log(sin x — cos x) (cos x +sin x)

(sinx—cosXx)

= (cos X +sin X)[1+ log(sin x — cos x)]
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% = y(cos x +sin x)[1+ log(sin x — cos x)]
X

a _ (sin x — c0os X)™™ % x (cos X + sin X)[L+ log(sin X — cos X)]
X

Q10. x*+x*+a* +a?, for some fixed a>0 and b.
A.10. Let y=x*"+x*+a" +a°.

dy dx* dx* da* da
—== —+—

S0, —=——+ :
dx dx dx dx dx
_>ﬂ=ﬂ+ax“+axloga+0. 1)
dx dx
Where u = x*

logu = xlog x. (Taking log)

— 1dy_ xi log x + log x? (Differentiation wr t °x”)
X

ydx  dx
—>1ﬂ:5+logx
ydx X

> dy =Uu[l+logx]

dx
=X"[1+log x]
Hence eq" (1) becomes,
dy X a-1 X
d—:x [1+logx]+ax*" +a*loga.
Q11. X2+ (x—3)" for x >3

A1l Let y=x*"2+(x-3)".
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x2-3

Putting u = x*"2andv = (x—3)* we get,
y=u+Vv

Now, u=x*"3

Taking log,

logu = (x* —3)log x.

:%g—i=(x2 —3)%Iogx+ log x%(x2 —3)

2
:%zu[x X_3+Iogx(2x)}

2
d_“:xxz{x _3+2xlogx}
dx X

And v=(x—-3)x*
log v =x*log(x —3)

ldv ,d d
—— =x"—Ilog(x—3)+log(x—3)—x
_>vdx dx g( ) o )dx

_szlxi
~ x-3 dx

(x=3) +log(x—3)-2x

dv_
dx

v{ X23 + 2x|og(x—3)}

X2

X_

=(x-3)" { 3 2xlog(x—3)}

Hence eq" (1) becomes
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2

dx

dy X(x2—3)|:X2 -3
X

X_

+2xlog x}+ (x—3)" { X 5t 2xlog(x—3)}

012. Find . if y =121 cost), x =10(t —sint),—E<t<*
dx 2 2
A.12. Given, y=12(1-cost). and x =10(t —sint).

Differentiating w r t ‘t” we get,

dy d . .
—=12—(1-cost) =12(0— (-sint)) =12sint.
m Olt( )=12(0—( )

dx d .
— =10—(t —sint) =10(1— cost).
m OIt( ) =10( )
‘ﬂ_dy/dt
dx dx/dt

12sint 12sint

- 10(1- cost) - 10[1—cost]

_12x2sint/tcost/ 2
10x2sin*t/ 2

{.'sin 20= Zsinecose} _6cost/2 6

=————=—cott/2
c0s20 =1—2sin’0 5sint/2 5

Q13. Find%,if y=sin?x+sin?y1-x*,0<x<1
X

A.13. Given y=sin"' x+sin™"y1-x*

d_y_i | | 2
dx_dx(sm X+sin 41— X )
1 1 d

= + x —/1— X*

V=% \/1—( 1—x2)2 dx
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I ! : ! -i(l—xz).

J1-x2 \/1—(l—x2) PN/

1,1 {—2x}
U-x -1+ |23h-x2 )

1-x* X [1-x?

1 1
- J1-x* 1-%°
=0.

If X1+ Y+ y«1+x =0, for,-1< x <1, prove that
Q14. dy 1

dx  (1+ x)2

A.14. Given, X /1+Yy +y«1+x =0.

= X1+ Yy =—yJ/1+X

Squaring both sides,

X2 (1+y) =y @1+X).

— xZaadige® y” | v
Y + Y

= (X=y)(x+y) ==xy(x-y)
=X+ Yy=—Xy

= Y+ Xy =—X

= y(1+Xx)=—X

Sy=—X
1+x
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dx d
ﬂ ) (1+x)&—x&(1+x)

dx 1+ x)?

—1+x-x] -1
A+x)?  (1+x)?

If (x—a)?+(y—b)?=c? forsomec >0, prove that

3

dy e
1 _7

Q15. { +(de }
d’y
dx?

is a constant independent of a and b.
A.15. Given, (x—a)*+(y—b)* =c*.
Differentiating w r t ‘x” we get
d 2 d 2 d 2
—((xx-a)y’'+—(y-b)*=—-c
dx( ) dx(y ) dx

:>2(x—a)+2(y—b)%:0
dx

ﬂz_Z(x—a) :_(x—a)
dx  2(y-b)  (y-b)

d d
Again, dy __ (y—b)&(x_a) _(X‘a)&(y—b)

dx? (y —b)?

(y-b)-(x—a) ¥
dx
(y-b)’
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3 .y (x-2a)
(y=b)+(x=a) .=

(y-b)’

}{(y—b)ﬂ(x—af}

(y-b)y’
o {-(x-a)*+(y-b)* =¢’|
(y-b)’
baI] byl
Then, L.H.S = ) L O
d’y =
dx? (y—b)?

{y-by + (-2’ (y-by
(y-b)’ s

= =——=—c Where c is a constant and is independent of a and b.

cos’(a
Q16. If cosy=xcos(a+Yy), with cosa =1, prove that ay = ﬂ
dx sina
A.16. Given, cosy = xcos(a+Y).

_ cosy
cos(a+y)

Differentiating w r t ‘y’ we get,
dx _d[ cosy
dy dylcosa+y))

d d
cos(a+ y)—cosy—cosy—cos(a+Yy)
dy dy

cos’(a+y).
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_cos(a+ y)(—siny)—cos y(—sin(a+y))
B cos?(a+y).

_ —cos(a+y)siny+sin(a+y)cosy
cos’*(a+Yy)

_sin(a+y)cosy—cos(a+y)siny.
cos’(a+Y)

dx sin(a+y-y) “»sin(A—B) =sin Acos B
dy cos’(a+y) —cos Asin B

dy cos’(a+y)

So, -
dx sina

2

Q17. If x=a(cost+tsint)and y=a (sint—t cos t),findcl y

e
A.17. Given, x=a(cost+tsint) and y =a(sint —tcost).
Differentiating w r t. ‘t” we get,

%zai(costﬂsint).
dt dt

=a —sint+tisint+sintﬂ ;
dt dt
=a(-sint+tcost +sint) = atcost

o _ad

(csint —tcost)
dt dt

=a(cost—t£cost—cotgj
dt dt

=a(cost +tsint —cost) = atsint

dy dy/dt _atsint
dx dx/at atcost

ant
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d’y d d dt
So, — =—(tant) =—(tant) - —.
dx? dx( ) dt( ) dx

=sec2t><$.
dx

=sec’tx
(dx/ dt)

=sec’tx

at cost

sec’t
at

Q18. If f(x) :|x|3 ,show that f "(x)exists for all real x and find it.

x*  if x>0

—x* ifx<0

A.18. Given, f(x)= x|3={
For x>0, f(x)gx[=x°

' _ay2
nd f(x)=3x

a ,
f (x)=6x

For x<0, f (x) = x’=(=x)® =—x°.

() =43%°
so,
f (x)=-6x
\ 6x, if x>0
Hence, f (x)= X I X
—6x, if x<0

. - . d .
Using mathematical induction prove that d—(x” ) = nx""*for all positive
X

Q19.

integers n.

A.19. Given, sin(A+B)=sin AcosB + cos Asin B
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Differentiating w r t. ‘X” we get,

isin(A+ B)= i(sin Acos B +cos Asin B)
dx dx

— cos(A+ B) —i(A+ B) =sin AicosB +C0s Bisin A+cos Aisin B +sin BicosA
dx dx dx dx dx

— cos(A+ B)(Z—A+3—BJ =—sin Asin Bz—B+cos Bcos Ad—A+cos Acos Bd—B—sin Asin Bd—A
X

X X dx dx dx
— Cos(A+ B)(d—Aer—B =cos AcosB d_A+d_Bj_Sm Asin B(d_Aer_Bj
dx dt dx dx dx dx
= (cos Acos B —sin Asin B)(d—A + d—B)
dx dx

— cos(A+ B) =cos Acos B —sin Asin B.

0 Using the fact that sin (A + B) =sin A cos B + cos A sin B and the differentiation,
" obtain the sum formula for cosines.

A.20. Yes, Let ustake f(x)=x—1]+|x-2].
So, x = 1, x= 2 divides the real line into three disjoint intervals (—o0,1],[1,2] and [2,o).
For xe(—x,1].
F(X)=—(X-D+[-(X-2)]=— x+1-x+2=3-2x
For xe[1,2].
f(x)=(x-1)—-(x—-2)=1.
For xe[2,)
f(X)=x-1+x-2=2x-3.

Hence, these polynomial fun are all continous and desirable. for all real values of x or, except x =1
and x = 2.

ie, Vxe R—{1,2}.
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For differentiavity at x =1,

Iimf(x)—f(l):"m3—2x—1 2-2x

LHD = = =lim .
x> X=1 x> X—=1 - X—1
_ lim—2 1)
Xx—1" X—l
=lim-2
x—1"
=-2
RHD = = lim F-T@ _ Iiml_1 = lim 0 =0.
x—>1" Xx—-1 x-»>l'x =1 x-o1r'x—1
as LHD #R.HD

f is not differentiable at x =1.
For continuity at x = 1.

L.HL= =limf(x)=lim=1.

x—1" x—1"
RHL = lim f (x) = lim1=1 - LHL =RHS
x—1" x—1"

fis continuousat x =1
For continuity & differentiability at x = 2

LHL = lim f (x) = lim1=1.

X—2" X—2~

R.HS=Ilimf(x)=lim(2x-3)=4-3=1.
x—2" x—2"

«“LHL = RHL

f is continuous at x = 2

LHD = lim =@ _j =1 o O
X2 X—2 52 X—2 x»2 X—2
=0
RHD= lim- X = @) _ jj2x=3-1
x—2" X—2 x—2t X —2
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- Jim 2%=2)
x—2t X —2

=lim 2

bt
=2
~ LHD # RHD
f is not differentiable at x = 2.

Q21. Does there exist a function which is continuous everywhere but not differentiable

at exactly two points? Justify your answer.

f(x) 9(x) h(x) f'(x) g'(x) h'(x)

Q22. If y=| | m n |,prove that o _ | m n
dx

a b c a b c

FO) 9(x) h(x)

A.22.Given, y=| | m n
a b c

m n Il n I m

= f(x) b ‘—g(x) +h(x)‘ ‘

C a ¢ a b

— y = f (x)(mc —nb)—g(x)(Ic —na) + h(x)(Ib—ma)
Differentiating w r t. ‘x’ we get,

=y = f' (X)(mc—nb)—g (X)(Ic—na) +h (x)(Ib —ma)

') g(x) h(x
= | m n
a b c
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acostx 2 dzy dy 2
Q23. If y=e**"* ~1<x<1, show that (1-x )F_Xd__a y=0.
X X

A.23. Given, y =g X

So, dy eaws_ixi(acos‘lx)
dx dx

acos™x ax (_1)

=e —_—
J1-x2

ﬂ . aeacos’lx

dx 1-x

= 1-x W __geremt _ —ay.
dx
Differentiating w r t. ‘X’ again,

/—d dy d - ——a—

dzddx

dx
d? d
—(14+x° )d—z - xd—y =—a(-ay)

d¢  dx
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